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¢ Just as a mountaineer climbs a mountain — because it is there, so
a good mathematics student studies new material because
it is there. — JAMES B. BRISTOL +

7.1 4feht (Introduction)
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fx) =g @ —-hx), vxe IgR IR9a el f =g - h W fo=m &ifST
al %:f’zg’—h’ T FO) =g @)K yrxe IT@ 2l
3 /() = 0, Vx € I (IRFeaT /)
A IH xoh WY& £ o TRedd ®i R YA ¢ AR WA £ Th 3= 2|
St fewoft o egER 78 ferd feprer =mEwm@ © f 9Rer {F+C, C e R},
f o |l yiqeraehersii sl S a2l
376 TH Teh AU elteh § IfRferd g € St foh wferashersi o QU 9ReR o Frefud s

T8 Wl [ f(x) dx 8, T8 xF W f B SAEG WHERC o ®Y H gl W €|
wied: &9 [ f(x) dx=F (x) + C formad 2

T o g E e o= f (0,9 7 = [ f (0 d fermd

gfaun o fau ga fefafed gdieni/aal/ameenen & 39 s1ef |fgq arof 7.1 o
Seelfad & §:

R 7.1
Ydieh /Ug /STeRITIT atef

[ £ @) ax f 1 xoh WU FHEREA

[f e ax £ AR
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jf(x)dxﬁ' x HHREA 1 =N
HHTh T <h Tl HHATh AT JATd bl
o TR T wed F foees foa
F(x) =f(x)
THReA Hisha USRS A i 1 ThH
FHTHT 1 3T #E off ardfas gem S ewr
wer wed

&1 T8 U € 9gd 9@ YIW ol oh STdehors oh g W 21 37 A % W &h
AR o WIHITOT G5 i q¥d ford Fend €1 37 Wi G W1 g et @
91 3TN 39 TR Hel o TR Hl A0 HE H Bl

3TdchaetsT Derivatives AR ( UfasTaeherst )
Integrals (Antiderivatives)
d xn+l xn+1
N =x" "dx= +C, nz-1
® dx[n+1] .[x A n+1 "
fafyre &9 4 &0 @d §
d
—(x)=1 dx=x+C
(2 |
d , . .
(i) — (sin x)=cos x Icosxdx:smx+C
dx
o d . .
(iii) — (—cos x)=sin x _[smxdx:—cosx+C
dx
.. d 2 2
(iv) — (tan x)=sec’x .[SCC xdx=tan x+C
dx
d 5 )
) —(—cotx):cosec X _[cosec xdx=—-cotx+C
dx
o d
(vi) d—(secx):secxtanx _[secxtanxdx:secx+C
X
.. d
(vii) d—(—cosec x) =cosec x cot x _[cosecxcotxdx:—cosecx+C
X
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(Vlll) a(Sln l)C): 1_x2
_ 1
(ix) a(—cos lx): —
d _ 1
() 7y (™" x) =
d _ 1
(xi) 7y (meot )=
. i(sec_lx):;
(i) gy 1
i(—cosec_lx):;
(i) gy 1
(xiv) %(e*he*

d 1
(xv) —-(logl)=—

A )
(xvi) dx \ loga

_[ 1Cixx2 =—cos ' x+C
Ilf zztan‘1x+C
x

Il+x2:_C0t_1x+C
J‘#\/f__l:sec_lx+C
I#\/f__l:—cosec_lx+C

e'dx=e"+C
J

jldx=10g|x|+c
X

X

v, a
Ja dx_loga

+C
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T H BY UE: SH aUa &1 S T8l i e fafa= wer
it & aenfy faedt off faftre wea o Gesd o goehl ff = o we =@fsu

7.2.1 SIff¥=Id Qukerl & 2 gmm‘ (Some properties of indefinite integrals)
30 39 ufesg H g9 Affad aHehed & $9 TUIHE Sl = |

() Frfefaa aRomd o Hey § feehel T GHEhGH % YehH TH SH o Sfohd &:

e ds=f
X

R [ /@) dx = f(x) + C, =T C T @ a1k 2
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(i)

foT
suufa uF Sy o6 F, £ o1 T wfaerashers € areifq
LR =/ ()
gl [f@dx =Fe) +C
e L[ f@dr = L (Fe+0)
dx T odx
d
= aF(x)—f(x)
T YR BH Ed © 6
f'(x)=%f(x)

4R zafee [£ede =7+ C

e C T T@=s =R ¢ T8 GHeH 3= %Ed &
T < A= GHIher fSeh STaehers] THM ¢ o9 o U &l URer = Ui
7 & SN 39 FohR THqe T

SUUTT OF S f Td g T & Wer ¢ T

Sl r@ar = < [g @

A %Uf(x) dx—jg(x) dx]zo
a7 [reyax—[g @) dx=C  v&l C wh aradfas gem 21 (Fi?)
e [fe)dx=[g ax+C

Tty @ % wER {[f@)dr+C,.C eR}

T {Ig(x)dx+cz,czeR}wgc—~q%|
TIFR [ () dx IR [g(x) dx FIE B
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@ et & wfemd {[ /@) dr+C,.C R} w {[g@ di+C,.C R} 7

TAGEA FI FATER [ f(x) dx = [ g(x) d, Feraer? =re w3 & Foed wreet
ot 7= 2

i) [[£00+g@)]dr=[ @) dr+ [g0x) dx

(iv)

)

suufe e (i) 9

d

U@+ gldr = f @+ g ()
= T 9@ B

d d d

“Jrwds [ewdr)="-[f@d+ - [e@dr = @+ g0 . @)
79 YRR Tored (ji) o @< H (1) @R (2) 9 9w g €
[(Fe)+g@) dx = fx)dx+ [ ) dx

forelt aredfors s k, % fa [k @) de=k [ £(x) dx

sufa o (i)gmdijk fx)dx=k f(x)
X
e [k [ a] =k [ e de=k foo
dx dx

Tafer U (i) BT SUAT B gC T € R [k f) de=k [ £(x) dx

WO (iii) 3R (iv) =1 Fisfop oo f, 0 o1 TfS= W 3R aredfaeh E@Taﬁkl,
ky, ... k o feQ «ff samqehieheor foen T weRar @ Sk fo i feem e @

[[kfi@) + ko fy @)+ bk, £, 0] dx
= k[ A det k[ f @) dx+ ..k, [ f,() dx

XU gu wer &1 wfastaskerst Jd & o foTu g1 Siaa 9 U8 %ol &l @ Hid
& TSTeenT teeherst T gat e 81 31t oM %1 39 YR &1 @i, S ¥ gu e
o Wi STaehers! A ST o foIq 1 Wit 8, i e g Sameher %Ed ¢ 39 e
T3 IR ¥ FHE B
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sargror 1 faderor fafy &1 3w #d gy Fefafaa wet w1 gfderasmas Jd sifs)
(1) cos 2x i) 3% + 4x° (iii) %,xiO

&l
() TH T UH Her i WISl T =ed © [SEehl STahers cos 2x

. d
g9 W4 @ T a(sian)=20052x
1d i[lsinZ)c)
AU cos 2x = > I (sin 2x) = I\ 2

1 .
TGfAT cos 2x T Ueh FlasTaenerst Esm2x 2

(i) TH TH T W H @S HE GRd © TR TR 302+ 4 B

3q %(x3+x4)=3x2+4x3

TAFAT 322 + 4% 1 FTISTERAS 2 + 1* B

(i) BH S ®
i(1ogx):l,x>oe»?r{i[1og(-x)]:i(—l)zl,mo
dx X dx —x X

w1 A e e wm  E (logh]) =4 x %0

WI%dx:logIXI ;S o iéa Hfaeemest § 9 TF 2

saretur 2 feAfafad TaeRed i J| Sifsu

3_1 Z E 1
@ Jxxz & (i) [ +nac (i) J(X3+Zex—;)dx
&1 B9 Wd i B
3
_[x _ldxzj.xdx—.[x_zdx (TUTeH v B)

2
X

X1+l .X_2+l
_ +C, |- +C, |. :
=\ o G| 5 TG s ¢, wameR e R
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=5 +C -G
= x—2+—+C -C
2 % 1 2
X2 o
=+ +C, SRIC=C - C,TF & et ST 2
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@ Tt | SE9 M BH shee Sifaw ST W €, U wHEer oer forg|

(i) ==l
J-(xg +1)dx= J-x§ dx + Idx

S+ :

:; +X+C=§x§+x+c

41
3

(iii) ?Jﬁj(x;+26x—i)dxzjx; dx+.[2€xdx—j%dx

3

X X
= 3—+2e —10g|x|+C
—+1

5
x5+2e"—10g|x|+C

(T REN)

saretur 3 fefafed TaeRed i J| SifsT

(i) _[(sin X +cos x) dx (i1) _[cosec x (cosec x + cot x) dx

1—sin x

(111) '[ C082X dx
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'
() ==l
_[(sin X+ oS Xx) dx:J.sin xdx+ _[cos x dx

= —cosx+sin x+C
(i) =&r

J(cosec x (cosec x +cot x) dx = Jcoseczx dx + _[cosec x cot x dx

= —cotx—cosecx+C
(i) &l

)

sin x

12 dx—j s—dx

COS X COoS X

:Jseczx dx — _[tan X sec x dx

=tan x —sec x+C

SEARIUT 4 f(x) = 4x° — 6 G YRAMIG He £ k1 FfasTdshersl F A0 ity el
F(0)=3%1

TA f(x) H TH G STETFAT - 6x

k2 %(x“—@c) = 4x° — 6, THfIT gfasTasherst F,
F(x) = x* — 6x + C, g 39 8 581 C 3T=R |
fean gan € T F(0)=3
Y W e @ 3=0-6x0+C
e C=3

3 A gfgstasmers, F (x) = x* — 6x + 3 g1 qRHIfod Tk sAfgdia ®er 2 |
feugoit

() ®9 2@ § T 9fE £ o gfaerasest F2 @ F+C, &l C U =R ¢, 9 f &1
T iaeTesherst 81 39 WehR A €W Hel £ 1 U Hideteshersl F o € df 89
Fo &g ot =R Sest £ o 3fd glastashers fa@ dehd € f5= F (xv) +C,
Ce R &9 ¥ ffyede fepan < Gehel 21 STFANT § GHME: Th Sifdie
Hidsel Bl T AT STEvT Bl © FTEd C o1 Ueh fafyme 9 wrw g € 31
fSteren afomee®y XU g el & U SAfgdid giasraeherst W il 2l
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(i) w-FR Fepl yRIH Bor S8 fh agus, TR, = S, ek,
IR faeim B, st o &9 § sifuered FT s9a e 71 safey

[ £00) dx 5 w0 st @ W @1 weEo: Frltem ol @ [ dx i T
FH SFHYS © Fiifen FOE0 9 79 U Fold A1d T8l F Gk Fode sTashars
e R

(iii) = TR 1 = x, % AR 31 HIE € df A & o qe8R SR
T T S €1 S<eE:

4+1

4 y I s
dy = +C==y"+C
Jotay 4+1 57
| gwrereRt 7.1 |
frafafaa weml o dfqstesmas (Faehaq) e fafy grn am swifsa
1. sin2x 2. cos 3x 3. e*
4. (ax + b)? 5. sin 2x — 4 &*

fr=fafad gammel i Td SIS

1
f@e+1)ax 7. [FPa-—)dx 8. [(ax’ +bx+c)dx
X

2
1 3 2_
fed+enax 0. j[x/}—TJ dx  11. ij“dx
X

X

J-x +3x+4dx 13, .[x —x*+x- ldx 14. J(l—x)\/;dx

15. _[\/x(3x2+2x+3)dx 16. I(Zx—3cosx+ex)dx
17. _[(2x2—3sinx+5\/x)dx 18. _[secx(secx+tanx)dx
2
sec x 2 —3sin x
—dx it
19. ICOSCCZX 20 | —
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YT 21 TH 22 H HEl I k1 997 HITST:

21. [\/;+%j 1 gfaeTawes ¢

1 1 2

(A) LIS I (B) 2o+leic
3 37 2
)31 33 1L

(C) =x2+2x2+C (D) =x*+—=x2+C
3 27 2
d 3 .

22. qﬁaf(x)=4x3—yﬁ'ﬂﬁ fQ=0d f@x) e:
A 12 B) 412
(A) x5 (B) ¥+t
PN R I 2 i N\ L2
€ o+ (D) * ¥

7.3 WHRA i fafEt (Methods of Integration)

fros Ii=8] # T4 W WHeheMl i 9= hi off, S FS Worl ok STahersi °
TLAdIYdsh Wt fohy ST Tk &1 98 e @ snenfia fafyr off, sod W9 o Pl
GIS 1 St ¢ TSkt STaenerst £ THE o e shi Wit gt 81 aety e
W T e fafer sfen werl ot feerfa o wga Sfaa T8l €1 3d: Tkl shi Wi
w7 ¥ gfEafdd i gC 3= 9@ & o fau g9 sifafea fafumi faswfaa w0 =+t
eIl g1 39 g fafeEl frefafaa w enufia 2
1. gfdeenes gRI SHRer
2. oiferer T o faaem g wueher
3. @eY: FHRH

7.3.1 SfaeeraT gRT Qareherd  (Integration by substitution)
30 39 uf=zg | eX gfqreryq fafy grn wmehe W foam &3 w@ds =X x Rl ¢ |

ftafiid F & I x = g () Freenfia w0 g R T FEE [ f(x) dx F =
wq H yfafda fean s g 21

Izjf(x)dxmﬁ%rr{aﬁﬁq
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d
59 x = g(r) Wi HATC AR ;’; — ()
Bl dx = g(1) dt T gl

T TR 1= [f(odx=]rig®)} g () dt

Jfaeeod R FHEhe o AT I8 =) 9Rere &1 3 AR U9 39asd T Heaqul
A B STANT WRTT 91 S SHeRT STHH T 99T Heequl 81 WH=d: g9 Th
TY Feld o foru gfoeenas i & foge stakos ot 9o o wftafod o, S fw
frefafad el gr T faan o 2

o

Sarel0r 5 f=Afafad warl o1 x o 9Ue GHRA HiTeT

4 2
tan x sec” vVx

(1) sinmx (i) 2xsin (x> + 1) (iii)
Jx
. sin (tan~" x)
1V —_——
) 1+ x2
&l
() BH S & T mx 1 SRS m 21 Fd: BH mx = ¢ TALATH FW T, dqlfh
mdx = dt
) 1. 1 1
Tgfeae J.smmxdx:—J.smtdt = — —cost+C =— —cosmx+C
m m m
(i) x>+ 11 SToThels 2x Bl 3Td: BH X%+ | =+ o UIGEYA 1 STAN Hid © dlfsh
2x dx = dt

gqﬁquxsin(xzﬂ)dx:jsintdt = _cost+C =—cos (x*+ 1)+ C

1

L
(ifi) /ox T SFEFET 5 ¥ 2=m%| 3d: &Y

Jx =1 & Ui #1 STET w3 € dfew 2\1/,dx=dt T dx =21 dr
X

W Bl ®

_[ tan*/x sec? \/; J _[ tan®r sec’s 2t dt
. _x = _—mm

Jx t

= 2_[tan4t sec’t dt
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R 9 B0 SHU IR tan 7= u % € 1 sec? 1 df = du

5

THfAT 2J.tan4tseczt d[ZZIu4 du = 2%+C

\S}

= Ztan’ 1+ C (Fifh u = tan 1)

N(Jl

Z tan® Jx + C (w1 =+/x)

9,1

o J‘tan4 X SCC2 \/;
’ Jx
faereaa: tan /x = afaeemm wifs

dxz%tansx/;+c

(iv) tan™'x T SFHE | 2%|3m B tan" x = + TFTEITYT T ST 3 & ik

dx
1+x° = dt
sin (tan~ \
E'FI'TFI'QJ ( x)dXZ.[Slntdt =—cos t+ C =-cos (tan"'x) + C
1+x%

I BH PO Hew@qUl GHmEReH S B w8k Seh WHEeR
HeRel 1 STAN gfaeenad fafy o feen T @, W == 9 B

(1) _[tan xdx= 10g|sec x| +C

sin x

B9 U %than xdx= -[cos . dx

cos x = ¢, ATEAYT HIfST d1feh sin x dx = — dr
qd _[tanxdx:—j%:—logM+C:—10g|c0sx|+C
SRE| Jtanxdx:10g|sec x|+C

(i) _[cotxdx:log|sinx|+C

0S X
dx

g-qqﬁ%ﬁj.cotxdx _[

sin x
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sin x = ¢ gfaeenfyd shifeiT d1feh cos x dx = dr
dt
qs cotxdx=|—
] 5

= 10g|t| +C
= log |sin x| +C

(iii) _[sec x dx=log |sec X+ tan x| +C

) _sec x (sec x + tan x)
gﬁaﬁéﬁg,jsecde—J‘ sec x + tan x dx

sec x + tan x = ¢ Wfa€enfqa ™ W sec x (tan x + sec x) dx = dt
dt

Tgfeae _[secxdx:_[—:log|t|+C:10g|secx+tan x|+C
t

(iv) Icosec x dx=log |cosec X —cot x| +C

cosec x(cosec x +cot x) J
X

; cosec x dx =
G %TE, -[ -[ (cosec x +cot x)
cosec x + cot x = ¢ Ffaefud hifora

qifeh— cosec x (cot x + cosec x) dx = dt

Tgfee jcosecxdxz—jﬂz—logltlz—loglcosecx+C0th+C
t

3 1Og|cosec2 x —cot? xI +C
|

cosec x —cot x

log|c0secx—c0t x|+C
32TEI0T 6 TA=fafEd THeRel i 1 hifse:

R SPCR Loo[osinx N

@ _[sm x0gs” x dx (if) '[sin(x+a) (i) '[l+tanx
&l

0] P _[sin3 x cos’x afx:J.sin2 xcoszx(sin x) dx

= _[(1 — cos’x) cos?x (sin x) dx
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f = cos x UlqEfua hifsT difeh df = — sin x dx
TferT Isinzx cos’x (sin x) dx = _j(l —*) P ar

5
_J'(t2 —t4)dt:—[%—%J+C

—lcos3x+lcos5x+C
3 5
(i) x+ a=rvfaenfud &0 W dx=dr
_[ sin x J‘Sln(l‘

sin (x+a) sin ¢
sin f cos @ — cos t sin a
- . di
sin ¢
= cosa Jdt —sina jcot tdt
= (cosa)t—(sina) [log |sin t| + Cl:l
= (cos @) (x+a) — (sin a) [ log [sin (x + @)+ C, |
= xcosa+acosa-(sin a)log |sin (x+ a)| —C,sina
sin x )
a7 '[51n(x+a) = x cos a — sin a log|sin (x + )| + C
EH C:—C sma+acosa117=533|'_q'@%3ﬁ'{%l
cos x dx
(i) -[1+tan -[cosx+sinx

(cos x + sin x + cos x — sin x) dx

-2 COS X + sin x

J'd J'COSX—SIIIX
COS x + S x

J‘COS)C—SII])C

(D)

COoS x +S1n x
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12.

15.

18.

21.

Ad

I= ICOSX Smxd W foeER FifeT |

€oS X +sin x

Ad

BRI

[ (1) § @ WeEAIQ 2

dx x C 1 . G,

J' _:_+—+—10g|cosx+s1nx|+—
l+tanx 2 2 2 2
X 1 C G

= —+— 0g|cos X+ sin x| —+t—

2 2 2 2

— ﬁ+llog|cosx+sinx|+C, C:&+
2 2 2

2x
1+ x°

. sin x sin (cos x)

. JJax+Db
C (Ax+2) X +x+1 10

13.

|
o -135°

X
9 — 47
etan’lx

1+ x?

tan® (2x — 3)

| et 7.2 |

2.

5.

7.

16.

19.

22.

(log x)°
x
sin (ax + b) cos (ax + b)

XAjx+2 8.
1
x—\/; 11.
x2
2+3x) 14.
JRESE 17. —
2x _1
2x+1 20.
sec? (7 — 4x) 23.
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oS X + sin x = ¢ FfaeATfua HIfSIT dTfeh (—sin x + cos x) dx = dt

I:I%:log|t|+C2: log |cos x + sin x|+ C,

5
2
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2cos x — 3sin x 1 cos \/;
Y Pk ik L E Y J— = 26.
6¢os x + 4sin x cos”x (1 - tan x) Jx

COS X

27. \/sin 2x cos 2x 28. ﬁ 29. cot x log sin x
1+sin x

i sin 1
30, 0% 31— 32.
1+cosx (1+cosx) 1+cot x
2
1 Jtan x 1+1log x
33. 34, NEOY 35, (tlogx)
1—tan x sin x cos x X
2 3. 1.4
+1 +1 x'sin (tan x
3, GrDlarlogy)’ - wsinfun ) : )
X 1+ x

Y9 38 T 39 H WEl I k1 I3 hITST:

9 X 10
38. JIOx +10" log, dx —
x'+10*
(A) 100-x"+C (B) 100+ x"+C
(©) (0"=x""+C (D) log (10" +x')+C

dx
39. J ) 2 I
sin” x cos” x

(A) tanx+cotx+C (B) tanx—cotx +C
(C) tanxcotx+C (D) tanx—cot2x+ C

732 Crwivfidta ad-afiepren’ & 3UGRT gRT GHIEHAT (Integration using

trigonometric identities)
e GHRed W e Beniuida wer fHied e 8, df g9 geeher 91 S & fag §9
M FAEHeRst 1 ST Hd B wE o Frefaiad Seel % gr wHern T )

sarevor 7 fEfafed w1 9 sifse

(i) _[coszx dx (i) _[sin 2x cos 3x dx (iii) _[sin3 x dx
3l
(i) GGt cos 2x =2 cos? x — 1 I TR wifsw e
cosx = LTSI o 3
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Tgfee _[coszxdx:l _[(1+c0s 2x) dx = l_|.alx+l.|.c0s 2x dx
2 T2 2
_ X Linorsc
4
1
(i) TGt sin x cos y = E[Sin(x+y)+sin(x—y)],ﬁ TR0 HifST

qd Isin 2x cos 3xdx=%Usin 5x dx—jsinxdx]

1 1
—|——cosS5x+cosx|+C
2{ 5 }

1
——c055x+lcosx+C
10 2

(iii) FEfHHT sin 3x = 3 sin x — 4 sin’x ¥ BH U g T

. 3 3sin x—sin3x
sin"x=————"-
4

3 1
.3 _- . J — .
Tgfee _[sm xdx—4 Ismxdx , _[sm 3x dx
= —Ecos x+icos3x+C
4 12

faepeud: _[sin3x dx:_[sinzx sin x dx = _[(l—coszx) sin x dx
cos x = W W —sin x dx = dt

Tafau jsin3x dx:-j(l ~1*)dr

—|ar+ tzdtz—t+i+C
Jar+] ;

1
—cosx+§cos3x+C

feoquit fhtottidte e -afishiati s ST i B T <9 <1 Tehal € foh <l S
T B

| worarett 7.3 |
1 922 d% o Y9 ° T el bl THISh 1 i)
1. sin’> (2x+5) 2. sin 3x cos 4x 3. cos 2x cos 4x cos 6x
4. sinP Qx + 1) 5. sin’® x cos® x 6. sinx sin 2x sin 3x
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) _ 1-cos x COS X
7. sin 4x sin 8x 8. 1+ cos x 9. 1+ cos x
_ sin? x
10. sin*x 11. cos* 2x 12, ———
1+ cos x
Cos 2x — cos 2 oS X —sin x
13, — 14. 1+sin 2 15. tan® 2x sec 2x
COS X — COS & +sin 2x
sin® x +cos® x cos 2x + 2sin’x
16. tan*x 17. .2 2 18. 2
sin” xcos” x cos” x
1 cos 2x
19. ———— 3 20. . 2 21. sin !
7 sin xcos'x 0 (cos x +sin x) sin =7 (cos x)
1
22.

cos (x —a) cos (x —b)

Y9 23 T 24 H &l ST H1 IIF Hifeg)

sin” x —cos” x
23. J—zd TR T
sin” x cos” x
(A) tanx+cotx+C (B) tan x + cosec x + C
(C) —tanx+cotx+C (D) tanx+secx + C
1+
24, [ D) R 3
cos®(e*x)
(A) —cot (ex") +C (B) tan (xe") + C
(C) tan (") + C (D) cot(e’) +C

7.4 9 Tafyre Wt o Turehe (Integrals of Some Particular Functions)
79 I=ss ¥ &0 frefafed mecql guhe gl #1 oamen #i7 i 9gd 9 W
Hafera qraTforeh TETREH 1 A FH H SHHT TART |

1

dx
=—Iog
D J.xz—a2 2a

a+x
1

+C

- d
“ic @ jaz

x+a —x* 2a a—x

=log [x+vx* —a*|+C

1 x dx
=—tan ' =+ C @) _[—,—
Clz a a .X2 - a2
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=sin l—+C =log|x+vx*+a*|+C

d.
O e Ji (©) I—sz_%z

e &9 SUge qRomEl o fag w2l

1 1
(1) &9 9 efF 55— =

x‘—a _(x—a)(x+a)
1| @+a)-(x-a) _L[ 11 }
2a| (x—a)(x+a) " 2alx—a x+a
& dx 1 dx
'[x2—a2 Z{J‘x a_-[x+a}

:—[1og|(x— a)| - log|(x+a)|]+C

—da

——log +C

2a x+a

(2) 39 (1) o SER &9 W 8 f
I _1|(atx)+(@=x) 1 1 1
a’-x> 2a| (a+x)(a—x) =Z[a—x+a+x}

il Pt [ el

2
X

! [~log|a — x|+ log|a + x|]+ C

at+x

o
1
- —1lo +C
2a g

a—x

(1) % 3w &t T fafy @ smen sk 7.5 § w1 S

(3) x=atan 0TI W dx =a sec’ O do
dx a sec’ 0 do
w5 =]

2 +a® a® tan?0 + a?

:—jdezle+czltan—lf+c
a a a a
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(4) A TANY x = a secO T dx = a sec O tan 6 dO

J- dx =J- a secOtan0 d6
\/)c2 -a’ \/a2 sec’ —a?

= J-sece do =log |sece + tano |+C1

2

_ log 2y x_2_1
a V\a

= log| x+Vx* —a —10g|a|+Cl

=log| x+vx* —a® +C,\_r|%st:C1 —10g|a|

(5) O eifSef® x=asin 0TS dx = a cos 0 dO

+C,

8]

acos0do

- jde:e+czsin—lf+c

2 2 .2
a”—a” s a

dx _
R Ny
(6) T <ifST ff x=atan 6 9 dx = a sec?® dO

a sec’0 do

a’ tan’0 +a*

I iy

= jsecG do = log |(sece + tan 9)| +C,

[2
= log S x—2+1 +C,
a \a
= log x+vx2+d —10g|a|+C1

= log|x++x*+d*

T WO Gl o TANT § 376 BH b SN T WK hid € Sl SN i gfte
T ST B IR SO WHhel 1 | A T ok foTq 3ot Sten gt fepan o
Hehdl B

+C,ﬁC:C1—log|a|
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% Wjd—aﬁwa?m%ﬂ

ax”“+bx+c’

2
ax>+bx+c= c{x2+2x+£}:c{(x+i] +(£——]]fﬁ'@lﬁ %I
a a 2a a 4a®

2

. b .
aax+2i:z@ﬁmdx=dt®;—4—2 +k® foad gu gw U ? TR
a

b2
[c ]%ﬁgmﬁ%ﬁmﬁ@%m j 9 4 qREfdd

a 4 2+k2

Bl ST @ 3R TH YR ST HH F1d foRaA ST ST B

d.
(8) J\/axz_jm,éF YRR o GHIRT 1 T i oh faq (7) 1 wifa T sed

TU IO oAl 1 STAN ek HHIhe 1d fohar S Ghel 2l

pxtq
ax* +bx+c

29 U g ardfas Gt A9 B 910 & © it

) dx & p,q,a,b,c =R E, % FHR o GHEHE 6 HE & fag

px+q:Adi(ax2 +bx+c)+B=A _Q2ax+b)+B
X

AT B, T T ok fora g9 <HT uall | x ok oTeRl T STeRi i THM i &
Adel B 91 8 S W HHRER 1d U ®9 § afEfid @ S e

M,é; TR o AT 1 A T FH o e g9 (9) T sifa

10
1o '[\/ax2+bx+c
AT wgd ¥ 3R GHIhe i 1 W &6 o IRafdd s 2

T S faferal i F2 SN I e § que ¥
saretur 8 fefafad THeRadl i | SifsT

. J dx B J' dx
(@) 2 -16 (ii) m
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o dx dx 1
i) I&l = =—lo
® J‘x2—16 J‘x2—42 8 g

dx
(ii) jzx = = "

x—1=¢tT@H Wdx =dt

dx dt .1
THfAT = = ®H+C 74 (59
J.\/2x_x2 J.\/l_tz s [7.4 (5) 9]

x—4
x+4

+C (7.4 (1) 9]

=sin"'(x-1)+C

saretur 9 fefafad Taerel =i Jd Hifsm)
dx

dx
0 om0 I o s
B
(i) aﬁx2-6x+13:x2—6x+32-32+13:(x—3)2+4

1
WI —6x+13 I(,5_3)2+22

'H'F[Fﬂﬁl’l'{x—3=tﬁa dx =dt

dt 1t
Tgfeae =—tan  —+C
J —6x+13 Jt2+22 2 2 [7:4 (3
1. ., x-3
= —tan
2 2

(i) fen gen wHher 7.4(7) % ®9 1 €| §H HHhed o el | (EtaiEd YR
g fored &
13x 10

3x2+13x—1023[x2+———]
33

= 3{[”%]2 —[%ﬂ (gt &t T W)
1 dx

32 +13x—10 3 [ 13j2 (17j2
x+— | —| —
6 6

Wi [
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EEC | x+€=t T W dx = dt

J‘ dx _1 dt
3x* +13x—10 3 g [17j2

6

6x—4
6x+30

! x66+C i10
17 7] 13,17 1= 17 %%

1 1
-—1Io +C, +—log—
g 17 g3

1 1
:_10 +C = C +_l —
17 g ot 5 , where C 17 0og 3

1
G x—g=tT@ﬁtr{ dx = dt

dt

e Iﬁ‘%fm
5
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1 , (1Y
- —loglt+,/r* - 3 +C [7.4 (4) 9]

1 1 / 2x
- —loglx——+ [x* ===
5 5 5

3310l 10 frefofaa aarehert Eq) Ad ifeTg

+C

x+2 x+3
@ '[2x +6x+5 (if) Im
LSl
(i) G 7.4(9) 1 SYAN HId TC BH AeTH F €
x+2= Aj (207 +6x+5)+B = A (4x+6)+B
T Ul W x o U] U SRl i HHH HE W eH UM €

1 1
4A=1TM6A+B =2 &l A=Z3ﬁ'{B=E

x+2 1 4x+6
j2x2+6x+5 4922 +6x+5 2J2x2+6x+5
1 1
:ZII+EIZ CIERSiIEY) (D
LH, 20+ 6x+5=1T@ W (4x + 6) dx = dt
dt 2
Tty Ilzj7zlog|t|+Clzlogl2x +6x+51+C, ()
dx 1 dx 1 dx
R 12:J22+6 +5 2 5=5J 3V (1)
* * X% +3x+ > [x+) +( j
2 2 2
3 x+%:t,1‘@ﬁtr{dx:dt,€ﬂmﬁ%
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1 dt 1 _
L=— j - tan'2r+C, (7.4 (3) 9]

3
= tan_12[x+5]+ C, = tan"' (2x+3)+C, (3

(2) 3R (3) T 3T (1) § & WEH 10 &

J‘zx;zdlelog‘bf+6x+5‘+ltan_l(2x+3)+C,

2x°+6x+5 4 2

C, C

4 2

IE A 7.4 (10) & &9 H B EY x4 3 ! FEARgd &9 § sifoered

F T

S c=-t

x+3:Adi(5—4x—x2)+B —A(-4-2%)+B

X

S vl W xoh OTh! Wel TR Rl WHM HI W BH U B
~2A=13R-4A+B=3,

dalq A= —% B =1

x+3 4 - 2x dx

Fer '[\/5 4x—x* '[\/5 4x—x* '[\/5 4x—x*

1
= -5 L+, (D)

ILHS—dx—x*=1, W W(-4-2x)dx=dt

4— 2x dx dt
ofn I, = = 0/t +C,
'[\/5 4x—x? '[

= 2J5-4x—x* +C, - ()

- I :J- X :J- dx
P sax—x? CJo- 42y
Xx+2=tT@ W dx=dt
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dt .t
TafeT IZZJ‘W:SIH l§+C2 [7.4 (5) 9]
= sin‘l%2+c2 . (3)

TN (2) TE (3) &I (1) | yfqeenfod @ W F

J- x+3

NS—4x-x* )

| were®t 7.4 |

Y3 1 ¥ 23 Tk o oAl ol GHREH shifsd|

3x?
X +1
L
4. 79— 25x?
x—1
7. 21
1
10. /— ———
0 N2 +2x+2
1
B x-D(x—2)
4x+1
16. 2x%+x-3
6x+7
19 J(x=5)(x—4)
55 x+3
X o2x-5

11.

14.

17.

20.

23.

5x+3

Vx? +4x+10
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Y9 24 TH 25 H HEl I k1 99 HITST:

24, | ——
Ix2+2x+2

(A) xtan”' (x+ 1)+ C B) tan' (x+1)+C
) (x+Dtan'x +C (D) tan"'x + C
dx
25. TR
'[\/9x—4x2
(A) lsin—l(gx_gjm (B) lsin‘l(Sx_9j+C
9 8 2 9
_ 1. ,(9x-8
(©) %sin‘l(gxg 8j+c (D) sin 1[ x9 j+C
7.5 3ifoTeR Tt gRT |HTehe (Integration by Partial Fractions)
P
TR HIfY fF Tk 9iET wer (x),ﬂW$W¢mﬁﬁwmw

Qx)
2 STl P(x) T Q(x), x ¥ 988 § a1 Q(x) # 0. A P(x) &1 ¥ Q(x) I =N H A
2, @ o wor 3fad aRET wer weard 7 e faum afes wer weara g fawm
i weHl ol ot 9T fafy gry sfea 9fdg wom o w9 | ufafdq fean sn g

3 50 gr A LX) fwg e w3 a2 C o+ B9 o T H
&« Q) T W

@W%?’ﬁ?q)

&Y foran Sar 7, ord: fdt ot aRea o &1 9ureed et 3fad oiea wed &
AR 1 9L & &9 ¥ qfafdd 8l Sl &1 F8f W g6 59 aide worl o gaeher
W foeR w1, 3 & e @R fgemd queEel o fasfed g ot g

. P(t)

TH fee f j()dxmnﬁaﬁm%n%ﬁ% & 3faa aREa

e Bl Tk fafy, ﬁ@mﬁqﬁﬁﬁaﬁm%wﬁww% %1 e 9 feu
T T i HHROT A Herl o 40 o ®9 9 for@n S d9d 81 39 99
o 3 fafel # GEEd @ geeher Qe R ST HeRdar @1 frefofad
groft 7.2 fafds wxdt 7, o fafe= gR & af@9 werl & @ 7R IR & o
sTiferes fo=it o1 Warg fovam S weha 2
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| Hott 7.2
wUleh | IRuT wem & 'Y 1ifoTeR Rt @ ®
Lo P A LB
(x—a)(x-b) x—a x-b
px+q A B
2 (x-a)’ X—a (x_a)z
. px>Hgx+r A N B N C
’ (x—a)(x-b)(x—c) x—a x-b x-c
A pxt+gx+r A _ B . C
' (x-a)’ (x-b) x-—a (x-a) x-b
< px’ +qx+r A, Bx+C
(x—a) (¢ +bx +c) x—a X +br+c
& X2 + bx + ¢ 1 AR AW [oEEE T TR S Fehl

Sude Gl § A, B Ud C ardfass " € fent sfad fafy 9 3@ i 2

3BT 11 1AM 1A it

J' X
Ge+1) (x+2)

7o T gen wathed U Sfuq ufdd wod @ sdfoe ofifyrs o= o &g
(| 7.2 ()], T ST H Y, &9

1 _A LB fmm¥ (1)
x+D(x+2) x+1 x+2
SEl A 3B ar&dfess Gead & el e Sfod fafy 9 o e 21 89 U @
1=A(x+2)+Bx+1)
X TN TS SR UG H FOE K W TH I T

A+B=0
w JA+B=1
1 THN hl 5 HE W EH A=1 3R B=— 1 9 Bl 2l
L 1 1 -1

fafad &9 § wra = +
Y YR AR frefafed B ® GrD 2 - x4l x+2
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it J- dx de I dx

x+D)(x+2) x4+l dx42

x+1 +C
x+2

= 10g|x+1|—10g |x+2|+C = log

feoquit Sueer GHiehToT (1) Ueh GeEiienT § 1efq T UH e S xoh gt e
Tt 7l o Ty 1 81 o @@ Hobd =1 SUAN F8 < o foy hed B fom feam
T3 U T HaGiteh & A Hohd =1 ST 98 T o forg sed € fop ez gen
he Teh FHIHOT & 1l g8 <9 o forg fon fean gan sem x ok ffvsa wmi & fog
T B

2
x”+1
—————dx % 9 ¥ HifU)

12 '[x —5x+6

2 +1

m@ﬁ%mﬁ%m@mﬂﬂﬁ
X—5x+6F AF FW ¢ IR 9 IA © 5
2 +1 5x-5 5x-5

=1+

T TR GHhed

x> —5x+6 X2 —5x+6 (x=2)(x-3)
R 5x=5 A . B
R L N S S S
GIED 5x-5=A(x-3)+Bx-2)

Tl el W x o Okl TE SR TS ol THM H{ W EH Ud € A+ B =5 3R
3A+2B=5.

T THIHON ! 8 HH W 8Y
A=-5 3R B=109d %W 2l
22 +1 | 5 10

HAd: =1- +
x> —5x+6 x-2 x-3
2
x“+1 1 dx
Tgfeae ——dx=\|dx-5 dx+10
'[xz—5x+6 '[ J.x—2 J.x—3

=x-5loglx— 2|+ 10 log|x =3+ C
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(x+D*(x+3)

T T gen wuehed Onolt 7.2(4) o XU g @hed o ®9 I 2| 37d: BH

3x-2 A B C
= + +
G+1D)*(x+3) x+1 (x+1)* x+3

e

e 3x-2=A@+1D)(x+3)+Bx+3)+C (x+ 1)
=A@W+4x+3)+BEx+3)+C (> +2x+1)
T gell W x> TN, x o T[OTeh! Tel =R USI HI O HH W UM € T
A+C=0,4A+B +2C =33 3A +3B + C =23 GHHWON %l 81 T T &

A_EB— 53ﬁIC— “U 4@ ¥ 55 yR g FrEfafed w9 § 9 g 2
4 2 4

3x-2 115 11
G+D*(x+3) 4@+ 2x+1D* 4(x+3)
3x-2 11 dx 5 dx 11 ¢ dx
e j(x+l)2(x+3) - Z-[x+17_J(x+1)2 IPRETE
11 5 11
:Zlog|x+1|+2(x+1)—210g|x+3|+c
_Eog x+1 + > +C
4 x+3| 2(x+1)
2
3a&Tg0l 1 Jm Eﬁlmaﬁaﬁml
2
X
A mﬁ@maﬁ'{x =yTﬁ§|'Q
x2 _ y
A CCH+DE*+4) G+ (+4)
Y __A B o
(y+1)(y+4)_y+1+ 4&7@1&
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Sl well Wy TUNhT T e WSl I Gl i W EH UM & A+ B =1 3R
4A +B =0, fSe® W g @

3
x° 1 4
S 2 2 ="% 2 T2
x+D " +4 3(x"+1) 3(x"+4)
; x2dx 1 ¢ dx 4 ¢ dx
I(x2+1)(x2+4)= gjx2+l+§J.x2+4

1 41 _x
= —tan 'x+—-—tan ' =+ C
3 32 2

= —ltan_1x+gtan_lf+C
3 3 2

ST IR § ohae SR 91 Al | o e faeendd foren e on 7
THSH Tl 9 o foIU) 376 ed U U S0 1wl hid © TSeH gHehe o
fore wfeeenes fafy wd enfyres fu=t fafer S 1 wgea &9 @ wgea foran 0 2

(3sin ¢ —2)cos ¢
5—cos’p—4sin ¢

SarE 15 | do %1 9 Fd Hife)

T A oifeg y = sind
qd dy =cosd do

I (3sing — 2)cos¢ f 3y — 2) dy
5—cos’hp—4 sin¢ 5-(1-y*) -4y

I3y2 dy= [ 22 -1 (it

P_4y+4 (y-2
3y-2 A
319 BH fored & groft 7.2 (2) 9
G2 3=2 o= 2) [ (2) 9
zafere 3y-2=A(y-2)+B

A0 el W yoh O WE TR TRl ! qoil el W BH UM ®, A=3Td
B-2A=_2, 598 84 A=3Td B =49 &l 2l
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T e1efiee FHTeher fefefad 9 o 9w g )
4

ldy =3[ Loraft

(y2)

4
2 —sin ¢

+C

3log| y—2|+4[_LJ+C = 3log| sin9—2 |+
y—2

3log (2 —sin ¢) + LG (FIifeh 2 — sin ¢ THIN HE T)
2—sin ¢

22+ x+1dx

330l 16 Immqﬂaﬁaﬁml

o e gen wHhed U Sfud UREd e €1 UREd el ol enifvres fae o
fomfed & & [EROf 2.2(5)]1

2+ x+1 A +Bx+C
WC+DE+2) x+2 (P41
BRI P+x+1=AC+1)+Bx+C) (x+2)

T vall W x2S UMk, x o Ul UF 3R &I i gl & WA A+ B =1,
2B+C=13RA+2C=19d HW T

. 3 2 1 .
sqwmﬁ%aaﬂﬁmwAzg,Bzg,ngqﬁ%l
9 YR HH fEfafEad €9 § 9 gl
1
PHx+l 3 +§x+g_ 3 +l[2x+l]
C+D)(x+2)  5x+2) ¥ +1 0 S5E+2) S a7 +1
x> +x+1 1
RSl S dx = - X +— dx
I(x +1)(x+2) Ix+2 54241 ij2+1

3 1 |
= glog| x+2 |+§10g‘ X% +1 ‘+§tan 'x+C
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| ot 7.5 |
1 921 T & Y9l § IRHT HelAl bl THREA i)
X 1 3x-1
L Grhe+2) SR T -2 (-3)
X 2x
Y a3 S a2
1-x° X X
6. x(1-2x) 7 W+ @x-1) 8 x=D?* (x+2)
3x+5 2x-3 5x
P P e atl 10. (x> 1) (2x+3) 1. (x+1) (2 —4)
o +x+1 2 3x—1
12. o 13. oD 14. o)
1 LN N y
15 —— 16. D) [Siehd: 3191 T Bl x| W O HISC R
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COS x . )
17. (1—sin x) (2 —sin x) [ﬂﬁv_d:smx=tﬂ'\@'q]
18 O +1) (x* +2) 2x 0 1
P43+ D) (2 +3) CxEt -
21. ! [Hehd: e = ¢ W]
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23 J- dx
ERETE )

(A) loglxl—%log(x2+l)+C (B) 10g|x|+%log(x2+l)+C

1
(©) -log |x|+%log (2+1)+C (D) 510g|x|+10g o+ +C

7.6 WEIT: WHTehe (Integration by Parts)

70 U] W W GHhel 1 U SR fafy & ==l it S fR < el o ot
1 G I W §gd SUAn 2

I Tohet = x (HH AHC) H 4 3R v < SHehera Her € ol Sfesher o Uw
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ST el 1 FHRe I T EH U T
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dv du
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'[ dx '[ dx M
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X
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IS 17 _[xcosxdx 1 /M A RIS

TA fF(x) = x (I99 el 3R g (x) = cos x (g wer) Waw) a9 @ev: goehed 9
W e © TR

Ixcos X dx:xJ.cos xdx - J-[%(x) _[cos x dx] dx

= xsinx—.[sinxdx =xsinx+cosx+C

qH ofifeie T &9 f(x):costEf g(x)=x@ﬁ%'ﬁa
d
Ixcosxdx:cosxjxdx—j[a(cosx)jxdx]dx
x2 . x2
= (cos x)7+Is1nx7dx
T YRR B 2@d € o WHEEH [ xcos x dx , oM g W ki ek =@
A Nfueh hied THEhe o IRafdd 81 Sl 81 $Hfey 9em Heid Ue fgda o &
3fea =7 Hewyt 2
fewuit
1. 9% 9o &, o wee: gamher < werl & UHEthd w1 qeft feerft § vy
T €, s [V sin xdx 1 ferft § ww fofa wm T w3 gww"w

FRO T8 ¢ T TE HIE o Al | & 78l © ST stashers/x sin x B

2. o <ifSu e fgdta %o 1 T9ehed A S T9T 894 T THhA 3o
Tt Strer oml afg g9 fgdta wem cos x o THIEH i sinx +k, o ®9 § fored
€, Wl kg 3N €, 9

jxcosxdx:x(sinx+k)—j(sinx+k) dx

= x(sinx+k)— [sin xdx— [k dx

= x(sin x+k)+cos x—kx+C = xsin x+cos x+C

Ig Juiar © foF wew: gHeher fafa o v @ sifan oRomg @ s % fe
fgdta wer o THEhe  eTeR w1 Se = 2l

3. WHA: I I Her x b1 SId o &9 W 2 el x 1 9898 € dl 89 TH YUH
e o ®9 W od €1 gy et feafa o el g0 s it Sepiida wem
AU ATUhIE o §, @ BH SR Y| o o &9 H od
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331807 18 Jlogxdx @ i)

T U A o T B9 QH ®old 1 SFTAH oH | aremed € ferwent st
log x 21 BH log x ! J&H e TH 3o e | i fgdid ®er od €1 SR e
FHTHE x B

d

a7el: [ ogx 1) dx = 1ogledx—j[a(logx)jldx]dx
1

= logx.x—_[—xdx:xlogx—x+C
X

ISR 19 jxe"dx 1 Fifu

T x YT el T o i fgdla ®eM & 9 § ey
TH AT 1 AR = e
Tgfee Jxexdxzxex—jl.exdx =xe'— e+ C

xsin~'x

IETETT 20 jmdxaﬁaﬁﬁml

A X
T O I YoH %ol = sin - lx, 3R fgd wed = —
— X
1.088 mm
37a g9 T Hel 1 GHeH 10 Fd © i J‘\/Xdixzaﬁah‘{ﬁél
1-x
t =1-x M@
GE dt = - 2x dx
x dx 1 ¢ dt
QH?Q Y = ——|— :—\/;:—Vl—x2
J‘\ll—xz 2 \ﬁ
xsin 'x o ( / > 1 / 2
HAd: ﬂdx =sin x|-+vl—-x )_Jﬁ(— 1—x )dx

= —Jl-x*sin"'x+x+C = x—+1-x2sin"'x+C
forereua: sin'x = 0 Wiaefua e W iR 7 Ge: T H1 ST Hd Y
ot 39 gHHTH F1 B A1 ST Gl 2
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TAEOT 21 [ sinxdx {w@ o)

T ¢l YW He T sin x bl {5l ®eH o ®9 § IS0l a9 TSI: e 9
T UW € R
1= Iex sinxdx=e"(7c0sx)+Jexcosxdx

=—e*cos x + 1, (WH i) (D
1% " T cosx I HHW: oM TH f5iia we A g¢ 79 U € fR

I1= e” sin x—.[exsinxdx
I, "9 () H T |29 7§ %

I= —e" cos x+e'sin x — 1374 21 = e* (sin x — COS X)

X

3Ad: I= Jex sinxdx=%(sinxfcosx)+C

fosheud: sin x F1 YT HEH TG o 1 f5did wed o W ft Iuded aurshed &l
A feman ST Heman 21

7.6.1 je* [ FO) + £/ (0)]dx & TR &7 Taraher
= 7@ & fe L= [ef [ fe)+ /() dx = [ f @ dr+ e f ') dx

= L+ [e" f7(x) dx, ST 1= [e* f (x) dx (D)
LH f(x) Tol e* 1 HHAM: ToH T fgdla e oid gC U Ee30: FHhA gl &
¥ L =f ) e- [fx)ed+C
1, %1 (1) ¥ wfaeenfod % ® 0 9 §

= SO - [t dn+ [ /@ dx+C = ot f(x) + C
am: [e" () + £ (0)dx = e f(x)+C
FETETOT 22 Hd HIFT

1) J'e"(tan’lx+ ! 5 )dx (i) —(x2 +1e dx
I+x (x+1)°
T
() == I:jex(tan_lx+ ! 5 ) dx
1+x

SC| f(x) = tan'x, TNT, 96 f(x) =

1+ x?
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a1a: T gan woshed o [£(x) +£/(x)] % &1 H 2

L 1
Tafere I= _[e (tan lx+m)a’x =e¢'tan 'x + C

. (&P Hhe 1+1+1)
(i) W= et fF 1= | ET: dy=e* [—(x+1) 1dx

2— —
P et 22]dx =jex[x—1+ 2 ix

(x+1)?  (x+]) x+1 (x+1)?

mﬁﬁnﬁf@——aa [ )—( e
eﬂa.ﬁmgaﬂwm e[f(x)+f(x) 1% ®9 7 71

x“+1 x—1
gg E_fﬂ! x x= ex+C
I(x+1) x+1
| vl 7.6 |
1 922 % oF U1 oF Foldl ol G hifsd|
1. xsinx 2. xsin 3x 3. xre 4. xlogx
5. xlog2 x 6. x*log x 7. xsin'x 8. xtan! x
9. xcos!x 10. (sin"'x)? 11 xeos v 12. x sec’x
V1-x?
13. tan''x 14. x (log x)* 15. (2 +1)logx
) xe o 1+sin x
16. ¢* (sinx + cosx) 17. (1+x)2 18. 1+ cos x
e’ [l i} x=3e ¢ 2 o
19. 2 20. -1 21. e*sinx
22 sin_l( el j
’ 1+ X2
YT 23 TH 24 H W@l IW 1 9 HifSC
23. J‘xzeXdeW%:
A 1 x3 C B lexz_i_c
(A) e+ B) 3
C le)‘3+C D ! e
© 5 (D) e
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24. _[ex secx (1+ tan x) dx S 2

(A) e*cosx+C (B) e*secx+C
(C) e'sinx+C (D) etanx + C

7.6.2 5 31T UhR &F GHTFRT (Integrals of some more types)
TET B9 WeI: FHHH fafe W a5 fafire YR o Jraifoes Samehel i ==

Fa| w9 fE

@) j\/xz—az dx (i1) j\/x2+a2 dx (iii) j\/az—xz dx

@) maﬁqﬁl:j P —a® dx
ww1ﬁ@?ﬁawnﬂé§qaﬁimzmquﬁ%

I= xVx?— J x dx
x2 =

Cl

xVx’—a® - dx = xVx% - _[x g +a’

[
x\/xz—a2 —J.\/xz —a* dx—a’

J- dx
Jxt-a?

xVxt—-a’ -1-a

I

dx
j [ _ 42
YAl I= J‘«lx2—a2dx=§\/xz—a2—%log‘x+x}x2—a2

T YR TR A FHGCH H SR W 1 i 5T we R T W
TaTeRe faf g &9 U €

31eqan A= xvx*—a* —d?

+C

2

(i) J- xz+azdx=%xvxz+a2 +%10g
2
(i) J-\/az—xzdxzéxxlaz—x2 +%sin71£+c
a

forsread: TETReAl (i), (i) T (i) § %9 x = a secH, x = a tan® AR
X = @ sin®, TR T W f T GHEREH 1 A4 R ST Fehdl 2

x+vVx*+a® |+C
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3IETEATT 23 J‘w/x2+2x+5 dx ¥@ Hifu)
7o = e fw J‘w/x2+2x+5 dx=J‘\/(x+1)2+4 dx

Sic| x+1=yT@ W dx=dy, 7@
J.w/x2+2x+5 dx = J.\/y2+22 dy

1 4
=5y y2+4+510g y+\/y2+4‘+C [7.6.2 (i) SR 9

(x+DVx*+2x+5+2log | x+1++x* +2x+5 ‘+C

1

2

FETETOT 24 [V3-2x—x? dx F@ HIfST
¥

T Waﬁmﬁj 3-2x—x° dxzj\/4—(x+l)2 dx
3 x+1=yT@H W dr=dy
TUER  [V3-2x-x"dv= [{J4-)" dy

1 4
= 5 yf4=y +sin l%+C [7.6.2 (i3 S Q)

_ %(x+l)\/3—2x—x2 +2$in_1(x7+1j+C

| worereht 7.7 |
1 99 dh o Yl oF HoHl bl THRAA hifod|
Lo Ja—x? 2. 1-4x* 3. VX2 +4x+6

4 X +4x+1 S J1-4x—x* 6. x> +4x-5

2

x
7o N143x-x7 8. \Jx* +3x 9. 1+3
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YT 10 TS 11 | &l ST h II9 Hifeg)

10. j\/1+x2 dx SR 7

3

2 =
(A) %\/1+x2+%10g(x+\/1+x2)+C (B) §(1+x2)2+C
3 2
©) %x(l+x2)2+C (D) %\/1+x2 +%x210g x+N1+x* [+C

11. j\/x2—8x+7dx3|'€lﬁ|'{%
(A) %(x—4)\/x2—8x+7+910g x—4+\/x2—8x+7‘+C

(B) %(x+4)\/x2—8x+7+910g x+4+\/x2—8x+7‘+C
(©) %(x—4)\/x2—8x+7—3\/§log x—4+\/x2—8x+7‘+C
(D) %(x—4)\/x2—8x+7—%log x—4+\/x2—8x+7‘+C

7.7 TRty watehe™ (Definite Integral)

s uResal § e eIy THmherl o aR o seae e @ iR oo fafvre womi
o FHEhH Wied SAMYEd GHEher! Sl i S 1 o fafE W=l 1 g1 3™
Iiesg o g Tt wor o fafy=d wueher &1 stemeH i fAfy=a 9aeheq &1t

g o g 21wk ke geeher w jjf(x)dx,@ﬁrﬁ%lzﬁwwéaﬁ

b, GHRE 1 =0 T AU ¢, TR 1 T 9o ot 21 Fiv=d qaered &
oft=, =1 A R S S w9 H S S g SAUdl A AU [a, b] H THH hIS
yfasrashers F@ df iy dumeher &1 A oifqw fogsii W Far oMl o ofat srefq
F(b) — F(a) o a0 BId1 &, & ®9 § Hya1 S0 2| Fived orhed o 29 a4 &l
I B -7 == B
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7.8 &e @t 3NURY wHa (Fundamental Theorem of Calculus)
7.8.1 &3’5"—'5?! T (Area function)
LR jbf(x) dx H TE y = f(x), x-38T, TS N A

HIfeA x=adM x=b4 R & & &% &
wq § uRwrfod foren 2199 hfST [, b] Hx FE

g a@ J' " £(x) dx 3T 7.2 | BT BrEATHA

& % Ak i FEfyd & © [F8 98 9 )

for=n T ® 76 xe [a,b] % AU f(x)> 071 N
Frefafad e JM=Ia: o %ol o fag §f X<gra X X
T &1 TH SR &5 %1 &% x o A Wy

et 21 FH 7.2

TR VIl W 39 Difehd &5 w1 el x 1 Teh Her 81 8H x o 39 Held i A(x)
@ﬁrﬁf&!W{g%’lsﬁWA(x)ﬁgﬂmmm hel hed ¢ 3R I8 e frefafed g
T Y gidl 2

AW = [ flx)dx ()

79 g R enfd S SR T €1 9 €H F8T W ohol Skl A
FHifch STh! IUUT 9 UISATEIH i WA o SMET 2

7.8.2 UHT 1 GHIGET TIUTA i TIH SMIRYT G949 (First fundamental theorem
of integral calculus)

M ST o oT SFaUel [q, b] W £ Th Had B € 3 A (x) 8% %o 2| aa
qft x € [a, b F TAWA'(X) = f (%)

7.8.3 GHIHET TUTT &l Tgata ST ey (Second fundamental theorem of
integral calculus)

&0 9 T T Hequl THT 1 oA i @ T Gerdd 9 g ufdsteashers @
ST d B e gl s A A S

U 2 HA S foF 5% SaUe [a, b] W f Tk Ead ®er B AN £ 1 gidsterehers

b
F&1 @@ [ f(x)dx=[F(x)])=F () -F@)
fewoit

1. Wﬁ%ﬂuﬁazﬁwwmmﬁ%’ﬁjjf(x)dx:(f%qﬁrw
F&1 3=9 @9 b W 9F) — (39 9fd 1ahers &1 = @H ¢ W AF)|
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()

(i)

HHTh T 279
TE YT STcdd ST § itk 98 ' Ahd % e Fa Ty fam fafvem
AR &1 10w H STEH oty 98H #dt 2

e TR=d GHeher 1 8 | Sifeet GiRa Tk UH Hor 1 O T 8 e
SRS T T WHRC ¢l 9% STdhe 3R HHRGH & a9 daY i 3R

ST Ll B
jjf(x) dx ¥, [a, b] T e £ 1 GURHI T Had BT SAE9Th 81 SSEL0:

1
fafeea wHmeReH '[32x(x2 “1)2 dx I = BT Hifagers € it |91 A

1
[-2,3] & 9 —l<x<1 & fau f(x) = x(x* —1)2 g1 gz e f
R & R I:f(x) dx T T ok =0T (Steps for calculating J.:f(x)dx)

o

A= gahe™ jf(x) dx T FIfST) 7 AT ' Fx) B SHEREH TR

C &1 &7 1 ETIhdl T8l © ik A 89 F(x) o T&M WF(x) + C R fo=r
F A I T R

[ £ dv=[F (x)+C1" =[F(b) + C] - [F(@) + C] = Fb) - F(@)

o

30 YhR fY=a FHIeher 1 71 1 i W s R fadw €l o 2l

[F ()Y, = F(b) - F(a) 30 Fifr, st 5 [ f(x) dx 1 7 21
e BH D ST W R Y 2

3aT80T 25 Afafad aehadl &1 @[ [| Sifeu|

()

(iv)
'

()

3, . o AX 2 x dx
dx —d e
Lx v I4(30—)63)2 W Il()c+1)(x+2)

T
J-04 sin 2z cos2rdt

3
EERCIISIY I:I;xz dx g it J.xz dxzx?:F(x)
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(i)

(ii)

(iv)

TIfoTd

Ty, fgdta enemRyd 999 9 &9 9 € &%

27 8 19
m@ﬁq%lzjj#dxwgnwwwmwaﬁw?r%l
(30— x2)?

3

X2 =¢ TR - fdx dt awfdx_——dt

Jx 20ar 2[1] 2| 1 |
T YHR J-—édx:—g_'-?=3 =3 —[=FW
(30 — x2)? (30 — x2)
AT FHe &1 fgdia NURYd 999 9 &9 U &

9

R g P N [ (R
: (30 - x2) 4_3 (30-27) 30-8] 3[3 22] 99
T oife | xdx
-[1 (x+D)(x+2)
YT =1 o1 ST Y g B9 U B T
x I
(x+D(x+2) x+1 x+2
xdx
ggfee |——————=-1 1|+ 21 2|=F
j(x+1)(x+2) 0g|x+ |+ 0g|x+ | ()

3Td: o i Tgdia STRYd 799 § &0 i € fR
1=F(2)-F(1) = [- log3 + 2 logd] — [~ log2 + 2 log3]

32
=-31log3 +log2 + 2 log4 = log >
n
HH i, I:I04sin32tc052tdt.3w J.sin32tcos2tdttl'{1%|%m SHITSIT

) 1
sin 2t = u T W 2 cos 2t dt = du 3J1¥E1 cos 2t dt = E du
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3d: J-sm 2tcos2tdt—2_[ w’du

%[ ]:§sm 2t =F (r) 9 &iifeg

THfAY e 1 ot Semyd g9 |

1= F(—) F(0) = —[sm g—sm 0]=

| worarett 7.8 |

1 920 d% o Yo o ffy=a wmmeredi 1 99 6 sifsa

281

2
1. j_ll(x+1)dx 2. j—dx 30 [T@x 52 +6x+9) dx
L L S L
4. I;sin2xdx 5. J.()zcostdx 6. _[4€de 7. Igtanxdx
T
1 1 dx 1 dx 3 dx
8. | *cosecxdx 9. 10. 11.
Ig '|.° 1— %2 J-01+x2 J-sz—l
n 3 xdx 12x+3 1
2 a2 X d
12. Iocos xdx 3 -[zx2+1 J-05x2+1 15 one o
2 5x2 z 2 3
16. —_— 17. Y(2sec” x+x° +2) dx
'[1 X +4x+3 '[0( )
To. 02X 2 X 26x+3
18. sin“——cos” —) dx 1
s -[0( 2 2) > J-Ox +4

20. j;(x e* +sin %) dx
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U9 21 T 22 H Gl SW ] 997 HITSU

21. jﬁ N

I
A) 2 L o D) ~
A 3 ®) 5 © D) 3
2 d
22, [ e @
04+9x
A B) ~ o) = D) X
) ®) - © 5 ®) -

7.9 yfaeams g fHfvera @Htehe il st M 71 KT (Evaluation of Definite
Integrals by Substitution)

froe uf=sel § o A= SHeher o S %1 eFe fafedl &1 ==l ®1 2
AT quehe T 6 H1 Hecqul fafuai § ww fafy ufaeers fafa 2

Wﬁfﬂ@jjf(x)dx,mﬂﬁaﬁmﬁéﬁmdﬂowqeh oo Frefafad 2
. EAReH & R o "l o far fomm ity 3R y = £(x) U6 x = g ()
yiceentya sifsre @fsr feom gsm Turwhe U A &9 § uRafda & s
2. OUTheH =R H1 el fRu foA1 U SHehed 1 AU SR o WUe SHiehe

IS
3. U ER % M W YH: FAend sifey 3R SR i gel =X ok ®9 § fafEy
4. =01 (3) W WK ST 1 HEhCH i & g8 WS W HH 6 it 3R 3=
o ot 99 W e di e aret e ST S Ja il

g faf i dioer s o fore gn frefefad R om 98 gehd 2|
=T (1) T (2) I FH o o€ WO (3) F KT H STERAFRA ol ol TaT
AR 1 T =R % &9 H @M Sl 8 3 GHERCH i HEie i T =R’ o 38R
ufEfda T oid ® @ifh g9 WY sifaw =)or 1 TR R Tl
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ET 3H TH I U T B
IETEITT 26 j_115x4\/x5+1dx 1 WA TG RIS
TA =%+ 1, T W dt = 5¢* dx

3
(X°+1)2

W

zHfa jsx“ ¥ +1dx _[ﬁdt:%t -

(SSEE )

_ .
2 =
3d: _[15x4 C+lde = = (x5+1)2}
1 3
L -1

20 5 0s S
=|a +D2 (=1 +1)2}

3 3
:2 22_02} =g(2\/§)zﬂ
3 3 3
faheud: GayeT €9 THREH ®1 SUTU H ¢ R q9 ®YaRd a1 T
el & U’ 91 Fd i B
EIERCIIE L t=x"+ 1.9 dt =5 x* dx 2 FHifSW fF

S| x=—1@t=03AR S x=1ar=2
3A: AY-SY x, — 1 ¥ 1 g URafdd e & S9-o9 ¢, 0 § 2 ae uRafid g 2l
1 2
Tafere _[_15x4 x5+1dx:.|.0\ﬁdt
2[2T o[ 2 21 2 43
=§{f }0—5{2 0t =50 =
mnjltan_lzxdxmnﬂaﬁaﬁml

0 1+x

1 T
T WM ST £ = tan ~'x, T dt=1+x2 dx <7a x=oa‘lt=03ﬁ1mx=1a‘ltzz

o SR8 x, 09 | 7% TRt e £ -3 0 gawﬁaﬁam%l

-1 T [2 4 2 2
ggferT _[ltan fdx: L;‘rd{— I LS

0 14x 2,
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| wv=TEet 7.9 |
1 ¥ 8 T o U¥Hl FHThHEH! 1 A UfaCemT 1 IUAM $3d g A it
1 ox - Loy 2x
1. J0x2+1dx 2. J.Oz,/smq)cossq)dq) 3. _[OSIH (1+x2jdx
2
4. [ xVx+2dx (v 42 = pefEm) 5. j sin x
0 1+ cos’ x
> dx I dx 1 1),
. 7. R e— . ———|ed
6 J‘Ox+4—xz J‘—1)c2+2x+5 6 Il[x 2x2je X
Y9 9 TS 10 § Wl ST 1 Fa1 iU
1
L(x— x)3
9. wHH [, dx 1 EE
x*
3
(A) 6 B) 0 © 3 (D) 4
10. af fo) = [ tsintde, @ fox) @
(A) cosx+xsinx (B) xsinx (C) x cosx (D) sinx+ xcosx

7.10 Tf¥era THTeRel % §© TurEH (Some Properties of Definite Integrals)
e TRl o 5 WUl TUE! Hi B 9 e wd €1 F o e ffvea

HHETRCA! b1 A STEF 9 A | SYART i
P,: j:’f(x)dxzj:’f(t) dt

P : jjf(x)dxz-j:f(x)dx,w%rfmw [ Fode=0
P, : j:’f(x)dx:j:f(x)dx+jff(x)dx, a, b, ¢ Tt gEd €

P,: ij(x)dxzjjf(a+b—x)dx

P, : joz“f(x)dx:jo“f(x)dx+j0“f(2a—x)dx
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P: [ rde=2]f(de. A f(2a-x)= f ()
=0,3E f(2a—x) =—f(x)
Poi ) [ f(0dx=2] [ (oydv, 7S T e & el A S0 =10

(ii) j_“af(x)dxzo,zr&:f T I e © @ AR £ (-x) = —f ()

Teh-Teh ek 8 3 TUH! i S i
P, e SUUR x = ¢ FfeemTe 3 R e w2t 2
P, ot SUUf A ST & £ 1 wfaetesherst F 21 09 e @ {5 sTeRya

YO H B U © % .[bf(x)dx:F(b)—F(a):—[F(a)—F(b)]:—I:f(x)dx,

el Tn Sfd B ¥ AR a=b @ [ F0dr=0
P, SUufy AW e % £ 1 gfderashas F g, @

Iabf(x) dx = F(b) - F(a) (D
[*rdx =F©) - Fa o)
3R Ibf (x) dx = F(b) — F(c) NG

(2) 3R (3) &I Sied W 89 U & fh

[ r@as+ [ rar = Fp) - Fay = [ ra

T8 e P, fag i 2
P, SuUte AH ST fF r=a+b—x. T dr=—dv. 59 x=a T, 1= b 3R
o x = b qd t = q. TEAY

jabf(x) dx = =" fla+b-r)dr
= ["fa+b-nar @

:jjf(a+b—x)dx P, )

P, &t UM = a - x A@T 3R P,® e oM dfGU 39 dr = — dx,
Sdx=a,t=0
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fore
Pt IUUT P, %1 STAR Y §C &9 U € R

J-Ozaf(x) dx = I:f(x) dx+_[;af(x) dx

T qeT oh TER GAMRCH W ¢ = 2a — x Wawenfd ST, 99 df = — dx 3R &
x=a, dd t=a3:ﬁ'{~_r|ax=2a, ad t=03:ﬁTx=2a—t9ﬁWm%|
QHFQ'“{ f&{‘l{l HHleh o+

Ijaf(x)dx _ _jjf(za—t) dt

- jo“f(za—t)dt - jo“f(za—x)dx o B B

o I;af(x)dx = [ fdv+ [ f@a-x) de

P, ! U P, T STAR % g W UM ¢ b
[ rGyds = [ rdes] Fa—x)ds ()

e At fQa—x) =f@),d (1) Fefafed w1 4 wfafdd g sma 2
J-Ozaf(x)d.x - j:f(x)dx+j:f(x)dx=2j:f(x)dx

R Afg fQa—x)=—f(x),d@ (1) FEfateg w9 § gRafda & s @
[ reyde = [ feode=[ (0 de=0

P, st Suufd

P, T w gw A W E R [ ponde = [ f@dve] ! f00dx

TR U % YUH UG H 1= — x W@ ™
di=—dx 58 x=—qdd t=q 3R 98 x=0,79 =0 3R x=—¢ ¢ I a1 2

whw [ fde = [ f@dee] ] fds

:j()“f(_x)d“j;f(x)dx (P, @) (D)
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(Application of Integrals)

% One should study Mathematics because it is only through Mathematics that

nature can be conceived in harmonious form. — BIRKHOFF

8.1 ‘E&IT:F[ (Introduction)
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I YA TS 3ida 9 o fafyr =) == v ¥
1 ST 8.1 W W o o SR &ABA I y=f®
Tgd | udel Te IrAfeR 9gd o ufeedl 9
faffa 7 wehd ®1 y SEE wd dx HeE

2

el T TS T W foeR W, v aA | g

(oRFT Tt T &) =y, SRy =f(x) 81 x=h
TE AAFA YRIWF SR weAd € S X<o P dx Q X

fF &9 & Mo fred o= fouff ® e Y AT 8.1

T q A bk HA x ok frdl g ¥ fafifde 21 9% y=f(v), T x=a, x=b
o x-318 9§ TR &5 oF el &9hA A I, & PQRSPH U+ft uael dfeeai o &srma
o FNThel o RO % B9 H 2@ Wehd 2| Hiehfash

a1 W W 3W TH YN SATHeAE Hid B X oy
A= jjdA:jjydxzjjf(x) dx \
Thx=g(y),y-318 T W@ y=c, y=d¥ R &1 & - \
1 gethel reAfafad g3 g e fepen S 2| Zx=g(v)
A= dedy=J‘Cdg(y) dy < y=c X
78 &0 dfaw ufeedl W foar & € S fw O;E, T 8.2

aTrepfa 8.2 W @i T 2

femuoft afe =f<a o *1 feufd x-21e1 o A= €, @ @1 T eepfa 8.3 o <wrian
W%,Gﬁx=a@ x=bdHh

f(x) <0 zafe &Y g o, x
x-%%@ﬁ%ﬁx=a,x=b g

R &3 &1 &R FOCHSE &l /
m%,mmmﬁéﬁm X~ 5 X
AT A hT & o w =a 74‘:”
21 gufery afE &we SR ~

& il T Tueh e 9, ereiq Y

FI o 7 Y’

Uj £(x)dx
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AHA: UH Bl Gkl B o ok 1 B WM x-3781 o HU € A1 S AN 1398
T 7, S eepfa 8.4 W gwiian WA ¥ AT A, < 0T A, >0, THAY TH
y=f(x), x-38 TS FIA x=adq x=b ¥ o &7 1 &Fa AGT A=A |+A,
SR 9 feRan ST 2

Y
N
A
T 1
/ x=b
X=a
) A,
Y/
TR 8.4

FEETOT 1 J4 X% + y*= > &1 &FAHA FAA HISU

Tol 3Tehfd 8.5 | U gU 99 @ iR g & &1 o &9%a
=4 (f5u g€ 9%, x-3781 W HifedA x=0qMx =g ° TR & AOBA 1 &5l

[Riifeh I0 x-3781 TS y-315 A B Y
uftd: Tftd 2 oo
= 4f "ydx @R e 9 T
y
=4I:“a2_x2dx’ - L awo,
(0]
FfFH 2+ 2 =" y=*\a* —x* grg gar 2 dx
S % & AOBA Werm wgeifw # wfiwferd &
TEfeTy y 1 HATCH fordl Sl 81 WHIehe
R f5u gu 99 ¥ o euwa frefafas w9 o v
W%ﬁ?ﬂ%\ 34'@%8.5

2 @ 2
= 4{%\/a2—x2+%sinlﬁ} = 4|:(§x0+%sin" 1)—O:|

aly
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fereReua: Stwn T etepfa 8.6 ® <wian A € Y
%ﬁaqﬁzﬁaﬁwmﬁ@@mﬁimm B|(0, @)
FA &THA
X
= 4I;xdy = 4.[:\/a2—y2 dy (F17) dy
e ‘e A(a, 0)
:4{ Jai =y’ + 4 1)’} X o X
2 2 al,
= 4[(3x0+ a—zsin"l)—0:|
2 2
a2 T 2 \YI'
=4——=
22 ™ 3TTeRfd 8.6
2 2
SETET0T 2 JrEgN x—2+%:1 g R & @
a
&hel 1 A IS

7ol 3MHfd 8.7 H eiga ¥ iR & ABA’B’A &1 &F%dl
f?nzgqaaﬁ, x — 3747, Wﬁ'ﬂ?‘sz,x=a§7?7g3ma§37ﬁT T
[ﬁﬁ &3 AOBA &1 &3TheT
(Fiifer e x-2781 Wd y-2781 <Al o i THiHG @)

= 4j£ ydx (SR UZfEW\T'FHEQ)

2 2

aqa2—+y—=1@ y= +—\/a —x” Hre g 8, 7Wg 85 AOBA 9o =geife o @
mymmm%,mamm

Y
4 x X / \yﬂ\
7|:E —-X +?sm —i| (qzﬁ‘)) X A A X
a,0) O a @, 0)
4>
4—b —><0+—s1n 11-0
all?2 2 B’|(0,— b)
ﬁa_ﬂ Tab %| Y
a 2?2 T 8.7
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Torereua: St for emreRfa 8.8 W gwitan e @ aifast ufeeal 1 =i @ gy el
FT TR

b b R
= 4| xdy = 42" b2 —y2ay (F?
IO ly bfo yidy (F7) 8l. )
4q —y — b’ Ly b m%
=— = b — +— mn ’
b2V T T b:| X 2 ux
h 0 o 0)!/(% 0)
B 2
_da (9x0+b—sin11J—o]
2 2

Y

b B[ (0,- b)
i L
da b T b 3
=, 5y [ TTeRfd 8.8
| woTaett 8.1 |
x* y? oc
1. Srefga E+?=1@ R &5 &1 &% e | SifST

2 2
2. <refea %+%=1@ﬁi&iﬂm&m%mm IS
YT 3 WS 4 H &l ST H1 TI HIfSW;

3. oW WUl W g9 2+ )2 =4 Td WS x =0, x =29 R &5 %1 &k 2

T I I
(A) m ®) - © 3 ) 5

4. o y?=4x, y-318 W& W@l y=3 9 R &5 & e 2

9 9
(A) 2 B) 7 © 3 (D)

fafaer 3ergvor

IETETUT 3 TW@T y = 3x + 2, x-318T UF Hifedt x=-1Thx =19 R & F1 &%
A FHifTa|
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T S fe oTefa 8.9 W wwim T R, Y@ X
)’=3x+2,x—31&’l7ﬁx:%2tl'{ﬁ:lﬁﬁ'1%3ﬁ'{

xe(_le

gz)émmaﬂé@x-a&i%ﬁﬁ

2 qu XE(_?ZJ) & U sqeT sTalE x-314

Y TW 2

I eerhel = &5 ACBA &1 &hel + & v
ADEA 1 &3hel TTeRf 8

-2
_|[ 3 Gx+ 2+ | (Bx+2)dx

3

SEEI0T 4 x=0Td x=20n % HA g%

y=cosx ¥ o &7 &1 &9%d F HifoQ A
FCT SAPIA 8.10 W, a7+ &we \B D/‘

= &5 OABO &1 &9%d + & BCDB &1 X<g

I T 3n
&% + &5 DEFD &1 &9%d 2\_/2

Ty e ashe C

3n

2 21
J cos xdx +j3 cos xdx

o
2

A

cos xdx +

J;

SR

T 3n

. 27
+[smx]3n =1+2+1=4

= [sin x]oE +|[sin x]ﬁ2

2

2
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HRREH! o STIEN
37T 8 UT fafaer wy-maeit

1. XU gu =i wd st ¥ R & &1 &Fhe T Hife:

() y=x3x=1,x=2Td x-31&

() y=xtx=1,x=5T x-3&

0

2. y=|x+3 S wifay T [ |x+3|dx w1 W w@ i
3. x=0Tdx=2nael Wy:sinx@ﬁﬁ&?ﬁm&lﬂmmaﬁ%ﬁlrwa
495 TF P U H GE IW HT T FHifoC:
4. o y=x3, x-38 TG B x=-2,x=19 R &1 &1 &a 2

-15 15 17

(A) -9 (B) 4 © T (D) T
5. TGhy=xlxl, x-3A& T FIfEA x=—1dMMx =19 R &5 =1 &TFA %:

(A) 0 (B) . © < (D) 2

3 3 3

[Hehd: y=2 3R x>0TF y=—x2 AR x<0]

qrIsT

309

¢ TFhy=f(x),x-3T & WA x=aqN x=b(b>a) W R &F & &=Fa H1

xg:ﬁaw:jjydxzjjf(x)dx ¥

¢ THx=0(y),y-31 W& Wl y=c,y=d ¥ R & & Wqﬂlﬁz

W=jjxdy=jj¢(y)dy 2l

fagtieres gy

AT TUTd w1 YR ToTd o YRR foshtd et 9 & g 81 g i g
Tforas g faessfaa fsivar fafy w emeifig @1 @ fafy &1 9R9 woaea
ATl o EThel 3T SIF SEqeAl o ARG 1 MO § g3 3H e § g
fafer, waTeRe fafyr 1 g feerfq oF &9 o g9ehi 1 Gehdt 21 fH:9war fafu
1 Gelehe faem qRfe: wied § e (Eudoxus (440 €. 9) 3R i
(Archimedes (300 S. 9.) % i ¥ Ul g1 2|

Fad o fagid 1 wHdS f9ehTd 81 o 9¥Erq 179 Saesl § gl 9 1665
H =2 7 e W Y HE Yared fag1d (Theory of fluxion) 3 €9 § YR o)
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I=H 30 fagid &1 ¥ 9% o fopdl foag W waeft 3R asha-Ben 9@ w6 o
fehalll =27 3 JehH o i URON W GR=E Al iR gEeRl gfdsTdehers
(Affeea TameRe) a1 wafvEr &t kA fafel (Inverse Method of tangents) <
BIEETCRCRI]

1684-86, o &9 § et (Leibnitz) ¥ Tk U951 Tehel TSR (Acta
Eruditorum) ¥ Yerif¥rd feman 3R EC %v_cﬂ%l'ﬂ TR (Calculous Summatorius)
W fen, Fif a7 oTHd SR dAwdl o ATEA ¥ Fafdd o, 98 W =M T8
INTHS o Ydieh ‘f’ SN e TR |1 1696 gz T I=H . Ere il (J.Bernoulli)
% GAd Il HAFHT A YU Hl °|>»c'1<=l<ic'1{-l geuTell (Calculus Integrali) M |
aRafda & o o8 <o g7 Tk w1 Foen fafy o 9ra e

=2 SR tafel < A quld: T Jnt o S gotd: = 9 qenfa S| <
o fagidl & T IfAEe T 9T M) T o e geeher w1 emom
ERIURERI
7% fifvea € foF Sl & weuem yfaetaserst iR fHfyed THhe & 9 &
et ! T @

frendd =8 ® fop Tmmeher T o enuRyd eRone, fagidl qen stk T
¥ 39 IR Gaul 1 faee @ wHf, =, @R wat & wEl g 174
IS o Sid W g Qe sEeht ifeed, HE1 Sl Hehoud o SR W 194t
IS % URY H TUAHEN (A.L.Cauchy) & g1 fohan 7am o7q & <t @it
(Lie Sophie) &1 FfafEd Igxu1 auia 21t may be said that the conceptions
of differential quotient and integral which in their origin certainly go back to
Archimedes were introduced in Science by the investigations of Kepler, Descartes,

Cavalieri, Fermat and Wallis... The discovery that differentiation and integration
are inverse operations belongs to Newton and Leibnitz".
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s He who seeks for methods without having a definite problem in mind
seeks for the most part in vain — D. HILBERT

9.1 yfiert (Introduction )

el X1 TS 39 Ik o 1A 5 W oA =l a6 o, TR pepeasies
Teh S5l =R ok Hel fohHl Wl f ol STasherst ohd T
fepan e € e el et £ o) aRenfia wid o weie
x o T, f/(x) %8 @ T S 21 gEen sAfafie
GRS TG ok oTeATd | g 9w o off, TR afs fee
He f 1 SISt Bo g € dl Held f ohd Fd feRan
WUl 39! T ®9 § Goeg fohan o gk B:

foreht fSu g@ we g o fou wem £ 9| sifag @

dy o Do
—~ = o(x i Henri Poincare
=80 SRy = (x) (1) (1854.1912)

I (1) o &Y ATt THEHI hl STahel THIH
F&d 21 THHT o= giEm 9 § < S

el TN 1 SYAN qeA ®9 9 wifdehl, WA fomE, ste famm, wee
form, fera, srefemes enfe fafo= e o feran Stran €1 ord: @l erenyfer S=fen
ATl o Ty STeehel WHISHTON oh e STe7 i 3Td STevdehdl ©1 39 278 W,
TH STIhT FHIRI i FS MURd HehedA1sTl, Taqehel THIH0] oh A Td e
T, 3Taehel THIHTT 1 FHIUT, Yerg hife Ud YoM =1d o STashel GHIhI0 &l T HiA
1 po fafeat i faferm & o eraee THiehl o o STAN & ar § e S|
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9.2 IMYRYA Heheu=Td (Basic Concepts)
T Tedl 4 & Frefafed geR o el 9§ uiifed @

x>=3x+3=0 .. (D)
sinx+cosx=0 .. (2)
x+y=17 .. 3
ameu fr=fafead wie | faar w3
dy
x—+y=0
dx Y

. ()
Y U 7 foh et (1), (2) T (3) H shael s Svstean sfEd =1 (Th
71 fereR ) wfiet € ST fop Hefientor (4) ® =X o WIe-E1e Wias = (x) & "el i
=R (y) 1 EHers o IMHA B 56 YR 1 GHIHTOT Feshel THISHI0 SHeardl &
T Teh T gientor, oy Tads =) (3R) oF |ue TS =R o Sfaheld
wftaferd &, sTae T S Bl
Teh THT STaehcl THIHT, fSgw ohelel Teh Tods =) o 9r9ef, 273 =) o efasheld
wftaferd 2, S s/ TR FEdrd 21 IS
2dx2+ ] =0 .. (5
T G STahel GHH B
a2 T Wt stahe Gl B © FH T 9 sifues s =4 o Qe sTaehers
IMTH B 2, 39 YR o 3Tdehel U SRS ofaehel THIH Feal ¢l ofhd 29
TR T EH 3T MY i hodl MM Tdshel THIHIUN ob T2 b Hifdd @i 399
AN BH W 3Tehel HIRI0T o ol STaehel TS0 T5 1 & SUANT |

1. &9 3ashersi o foq fefafad Serdl o ST &l a&ar 1

d 7 dz 7”7 d3 7”7’

—y:y ’—Z:y ’—g):

dx dx dx
2. I=9 HIfe a6l TaheTS & foTu, a4 31 290 (dashes) @ 3= YIT & ®Y
T Y HEAT TGS BT SHfAT ;9 Fife aTel STahars] % % fau &9 Goha
y, 1 ST H| g
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9.2.1 37akcT THIHIUT &t HIE (Order of a differential equation)

ford) TRt THISHTUT i hife IH 3Teehel THIH § TiHfed Tas =) oF 9 A1f3d
= o IoAdH HIfC & STIHAS HT HIfe R TR it 2l

o o

frfafad staee Tl W fa=r Sifsu:

dy .

— =

- .. (6)
d*y

W"‘y:O (D
&y o(dyY

i (dsz 0 (8)

TR (6), (7) A (8) H wowt: v, f5dia wd qia ife o S=aaq stashars
Iufeerd ? saferT 39 Gefientol &1 ife HA: 1, 2 TF 3 2

9.2.2 3Gk THIHIUT @t wid (Degree of a differential equation)

forel sTasher THIHROT 1 TG 1 ST A o fou g fag A% € fR 9w s
qHROT, TR ', y”7, y” TS B 9gus THIHI0 g1 =ifen| fr=fafeaa e
R fgarR Hifea;:

2
dy (d’y| _dv
—+2 ——+y=0
dx’ (dxz dx - (9)
(d—y)z +d—y—sin2 =0
™ S y .. (10)
dy . dy)
——+sin| — |=0
. (dx . (11)

&0 Uferd hed € fop weieRor (9) v, y/TE ' W Sgus Tl ¢ FHiehIr (10)
y ¥ SgTS gL B (Tl e y W agug TEl €) 39 WehR oh 3feshel GHIShON i ST
1 IR e S Hehar €1 W FHiehTor (11) ' | agug FHiehior T8l © 3N 36 YehR
o ol THISHTOT W1 UG o1 TRITNG Tel o S @ehdr 2l
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¢ Teh Sfeehel THIHTUT STaehersll o1 TgU8 THIHTUT & dl SH STaehel HHIHIl i
o1 ¥ FHAN 00§ 39 STkl GHI § Sufterd STaan e o STdehers H SeddH
oA (¥ATCHS U7 )

I IR o Hed § wH U o Hehd © T SRl (6), (7), (8) W
(9) ® ¥ i 1 A 1 €, SO (10) Y HMG 2 § S« foh Sraehel THishOr (11)
1 =1 gty T8t 2

| Teorott| foreht stemrel weietor 1 I W (A uRefa @) edwn
YT Ul el

sarevor 1 TrefafEd steere gt § 9 g &1 shife ud = (Ffe aftafid &)
RIECAISLES

dy d%y (dy)z dy

i) ——cosx=0 i) xy—+x|— | -—y—=
@ dx @ dx* dx Y dx
(iii) y'”+y2+ey'=0

'

a . o o d
(i) 39 STashel GHIHIU § SURLIT S=Iad hife STaehelst d_y 2| THieT S9! Fife
X

1 81 98 y' § agug GHih T % 1 Afereha sTdish | §, SEfIT 39 Teehed
i T W@ 1 R

n . ~ ~ dz
(i) 39 TaHheT THIHIT B IUfEYd I=adH Hife Tdahars e Z 2 | T STt Wifz
X

2 2
2%|%Www% @%ﬁwﬁw%aﬁ?%ﬁﬁw

ik 1 2, SHfTT 39 STahel THIHIO &1 o 1 B
(i) 39 foehel THIHU § IUMEY S=ead e SRS y” €1 SEfY 35T B 3 B
T TSR 1 R Ue STashersl o Sgue el ¢ SHie SEent S uRwift el 2

| wroaTaett 9.1 |
1 910 9 oF 9991 § Y% Agehad THIHIO i hife Td o1 (Ffg afitsfoa 81)
Fif \
1 M+sin(y”’)=0 2. V+5v=0 3 (éj +3sd—2s—0
© A Sy TS “ar dr?
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2.2 2
[ﬂj +cos[ﬂj=0 5. d—§=cos3x+sin3x
dx* dx dx
6. O +O+0)+y =0 7. " +2y"+y =0
8. YV+y=¢ 9. v+ ()2 +2y=0 10. y+2y +siny=0
11. 3T9hal THEH
2 3
[ﬂj +[@j +sm[dyj+1=0 1 A ©:
dx* dx dx
(A) 3 (B) 2 ©) 1 (D) uftwfrg =€t &
12.34'e|aa—cfwﬁw22dy Dy w
dx* dx
(A) 2 (B) 1 (C) 0 (D) ftwfirg =&t &

9.3. 3TTeheT HWUIGHIUT T ek Wd faf¥tee & (General and Particular
Solutions of a Differential Equation)
el wmeneti § go4 Frefalad TR o SOl %1 gl o 2

X+1=0 . (1)

sin? x —cos x =0 . (2)

RO (1) qer (2)%%@@%%@&%@%@%#{@@
TSI 1 G HLdl € oreifd S 3H TN i GHeol § SfEN x o T W
yfeeenfyq =< fean s 2 @ <@l ua SR 9l gy e ¥ eUe 81 S e

9 3Tkl HHT %+y 0 .. (3)
W R W &

T T TN o AUl 5 STaehel FHIshIU 1 Bl U UHl BeH 0 @ S 39
HHIERIUT Tl T HEN AU 6 T e ¢ hi Thel THIHIU | TG y (T =R)
& T T yfeenfyd T faan S © Sl uer SR <El g ae 8 S 2

qH y = O (x) SR THIHWT 61 B b (FHEREH deh) headl 8| Fefiad
e W foar wifse

y=0¢ (x) =asin (x + b) e (B
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&l a,be R. A 30 Fod 3R THh STkl sl THR (3) § yfawenfud &2
fean st 9t g SR <R U SeR 81 S ©1 SHfa I8 Wer sfahe FHIR (3)
1 T 2l

mﬁmﬁaaﬁ?bﬁ@%ﬁn&:mazzwbzgiﬁqaﬁ%ﬁﬁ
frefafad wor o B e

y= 0,0 = 2sin(x+%j .. (5)
I 39 o 3R 5Tk fashersl shi THIH0 (3) W weeenfud =¥ fEan s ar g
T et 3R <A e SeR B W #1 gHfeie o, oft wHiR (3) 1 U wA T
W 0 W S Wes IR (YEA) q, b Uil € qen 98 Wer K gu steehd
THIRTOT T ATIH T FEA & SR et ¢, H B Ff Wes TR Aimieq T&l
2 AfRT UTell ¢ 9 b o fafire 7H Sufied & o THfeu su&] fashd T &I
fafere &at a1 S 2l
T B, T ey o= Sulterd €l STashel THIIUl % AU el HEdl ¢l
U1 &, S W o=l U Yo ¢ e1eifq A9 e H Wes o= i fafere e 3 W
el &, 3Teshel G0l 1 fafie gt wHeam 2

d’y d
JETE0T 2 HAUd ST fh e y = ¢ ¥, 3Tahal FHih0l d—2y+d—y—6y=0W
X X

TH B 2

T & g1 Wer y= o™ B THoh <l uall 1 x % WYel Sfeshe i W gH U
FW T

%:3&* (D)
37e GHIHTOT (1) T x o Ul TA: 3Yeho i W eH <@d & b

d2y —3x

dx® =9
2
%,%ﬁwwm,ﬁquuﬁwﬁqﬁwﬁaaﬁmmwuﬁ%ﬁ

A Y& = 9e 3 + (<3¢ ¥) — 6.0 ¥ =9 ¢ — 9 ¢ ¥=( = A T
THfey, feon gan wer fEu gu stehel THiehTol 1 U & 2|
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IEENUT 3 TAfud HifeT fF ®e y = a cos x + b sin x, 99 ¢, b € R, 3@
d’y

HHT —-+y =0 & T
dx

Tl T gen e ©

y=acos x+ b sinx .. (D)
GeieRTor (1) o ST UEl T x, O WOY ITUTR ARG FH W BH @A o

d
—y=—asinx + bcos x
dx
’y

d
— =-—acosx— bsinx
dx
d*y . ‘ .
T3y o R g e W S w2
X
a'l'aﬁ'W?J=(—acosx—bsinx)+(acosx+bsinx):0:3\'l'<’3ﬁ' &

Tfery, foon gan wer, fu g kel el 1 g B

| ot 9.2 |

1 9 10 9% U U9 § HAud sifae fob fen gon wem (To s1ean sTeue) 9
feTehel THIHTOT hT T B:

1. y=e'+1 : Y -y =0

2. y=x*+2x+C : Yy -2x-2=0

3. y=cosx+C : Y +sinx=0
xy

4. y= 2 : =

y 1+x y 1+ 2

5. y=Ax : xy =y (x=#0)

6. y=xsinx Do =yt xi—y? (x#0 3R x>y 3 x<—y)
)2

7. xy=logy+C : y=1_xy (xy=1)

8. y—cosy=x : (ysiny+cosy+x)y =y

9. x+y=tan'y : Vy+y'+1=0
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10. y=g2—x*x€e (—a,a): x+y =00 =#0)
11. wﬁ&'m@ffﬂ?wuﬁm#wwwﬁwﬂw @S 3T 1 G B

(A) O B) 2 © 3 (D) 4

12. o =ife ot fordt stasa gt o faftte ga o Sufted @< o=/l &l
e B
(A) 3 B) 2 ©) 1 D) 0

9.4, YW hHIfE TS YAW UTA ok 3Teehel THIGHIUT okl T i ot Tafemr
(Methods of Solving First order, First Degree Differential Equations)

70 U=’ | B9 YU Hife TS YoM WG % STEhe GHIRIUN hl A HIA HI M
fafert =t ==t

9.4.1 gmvﬁw o T 3TaaheT GHIHTUT (Differential equations with variables

separable)

o

TUH FHifE TS YW T H] ST GHIHI FTAfaRad €9 &1 Bl 8

Q:
T F(x, y) (D

I F (x, y) 1 AR g (x), h(y) o &9 § ez fHan s dehdl & Sl g(x), x
W § SR A(y), y 1 Tk e @ dal SISO (1) YHEhioiE =X ol HHie
FEAr 21 TH 2R W g (1) &) Frefafed w9 § feran st gk 8:

S =h0) . g - (2)
AR 1 (y) =0, A = HT Gk A gL THHIT (2) h

1

mdy g (x) dx - (3)
o &9 U foran ST Tehel &1 T (3) o ST Ueil ol THTRe i W €9 W whid B :

-[h( ) yz_[g(x)dx . (4)
T TR FH (4), ﬁqgwﬁwwwﬁmﬁfﬁ@amﬁwméz

H()=G(x) +C .. (5)

T2l H(y) W G (x) A %y)‘l_ofg(x)a? yfasterrest & 3N C @=s =R Tl
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SETEI0T 4 Sqhal FHIHI B _x+l , (y #2) %1 SATIH A A1 hie]

dx 2-y
Ta fen T 2

dy x+1
faac ) . (1
dx 2-y 0#2) W

et (1) W =R ol goeh i W BH W hid €
Q2 -y)dy=(x+1)dx ()
THIERTOT (2) o T Uel 1 THERC HT T BH W i € :
[@=yydy=[x+1)ax

2 2

SREN) 2y—y—=x—+x+C1
2 2
SRE| ¥+y +2x-4y+2C =0
SRE| X+y'+2x-4y+C=0 .. (3)
TRl C=2C,

THHT (3) STaHd THS (1) 1 AbH e 2l

2
3STEY0T 5 3TTohcl THIGHIT ?:T% 1 AMUh TA A HITS4|
X + X

A df 1 +)?#0, 3T =R H1 goIF F gL A1 g3 erashat g fefafad
®q ¥ foran S gedn 2
dy  dx
1+y* 1+x°

FHERTOT (1) o < Uel w1 gHEhe id Y €9 UM e

j dy :J dx
1+y° 1+ x?
SRE| tan! y = tan"'x + C
I8 GHIHIOT (1) 1 AU T T

(D)

“ d
SETEIUT 6 3ahal THIIU d—y=—4xy2 1 faftre 7@ 9@ sifse, afs y=1 54
X
x=0%8l
T AR y#0, & g3 el iRl ffafaa &9 W fon s "o 2:

D srar (D)

y2
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TR (1) o SH 98l 1 TEReH W BH UM o

J.d—)z)z—4.|.xdx
Yy
1
Y — =-2+C
Yy
S )’_; 2
2 .. (2)

T (2) H y =131 x= 0 ufeenfyd @ W ed C=— | 9 &l 2
C &1 AH eI (2) o yiqeenfyd e | U gu etaehel gHteor 1 fafite ga

1
2x2+11;|m%ﬁ?n%|

saEor 7 65 (1, 1) 9 oA 916 T U@ 9 1 GHS0 Hify fSaeaT st
FHHTT x “dy = 2x% + 1) “dx (x £ 0) Bl

y:

o Teu gu oroehe Tl wi fefafad w9 9 e fvan ST wehan 2:

ool

379mET dy = (2x+lj . (D)

GHieRTor (1) o ST UEl 1 TR FE W EH W 4 o

Idy=j(2x+l)dx

X

317 y = x2+10g|x|+C .. (2)
TefterTor (2) TaU gu sraswel Gl o B okl o el whi T YAl @ W

T 39 %ol o Uh U9 fafire weer &1 gHiehor o s =ed © st fag (1, 1) 9

TSRl &l

* WIS gRI UEH Hohd %m«iﬂ relen €, qe "y o o U stiqeies Sl o e

Bl 8, STl €9 dx 3R dy i WY HETs %l We Faer § @M €1 dr 3N dy Hi 9¥eh-Yih
Tl AMHT B9 dgd W MU i GEIUE AT H Fahd &1 w3+ Introduction to calculus and
Analysis, volume-I page 172, By Richard Courant, Fritz John Spinger — Verlog New York.

=
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ZEfeT i (2) § x=1, y=1 Yfaeentd & W ed C =0 9w gl &1 C i

o TR (2) W Wiy i W g S g 1 GO y = 2 + log || &9
¥ Ured B 2

e 8 fag (=2, 3), ¥ oA a6l U¥ 9 1 THIHIU T Shitae faaes fedt fag
(x,y) T S99 3@ T Feura Z—fél

y
Tl B9 94§ TR fmuﬁwﬁwﬁmﬁm%%wﬁélw
dy 2x
oy (D)
=R 1 9k Hd gL HHEH (1) 1 FreAfafad &9 § foen s o 2
v dy = 2x dx .. (2)

GHiRTOT (2) o ST UEl 1 THR F W BH W Sl o
J.yzdyzj.Zxdx

3

o y?=x2+C .. (3)

TR (3) § x=-2, y=3 yfaenfid & W 8H C =59 &l 2
C &1 4F eI (3) H Wiaeenfud & W g 21efise agh oh1 HHIH

3 1
y?=x2+5 Foar y=(3x> +15)°

% w9 § U B e

saretur o fRet S ¥ oA &1 9fg 5% aftfw #1 ) @ @t 21 fha auf |
Rs 1000 & T A &1 STCm?

o

Tl AF ooy f

ot A9 W gAeE PRI g U o TR

Q:(i) X P
dt 100

ar_P
dr 20
THieRtor (1) § =R/ 1 Yk i W, BH I H B :
dp_dt
P 20

e o (D)
. (2)
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TR (2) o SH &l 1 TEREA i W 89 U S

t
locP=—+C
og 20 1
R
A P=¢20.¢%
t .

SPEI P:C€20 (G%Teclzc)
3 P =1000, S =0

P 3R ¢ 1 HF FHRO (3) H W W BH C = 1000 9 W 7
THAT T (3) W BH WK B @

P=1000 5
M AT ¢ ol H gered O @ S €, a

2000=1000 3 = r=20log 2

| w93 |
1 9 10 Tk o YAl |, Y& ST9ehd GHIRU ] A9 § A HIFU)
dy 1-cosx dy 2
1. —= 2. —=44- -2<y<?2
dx 1+4+cosx dx A y<2)
dy
3. a+y=1(y¢l) 4. sec’xtan y dx + sec> ytan x dy = 0
- . dy _ 2 2
5. (¢+e)dy—(ef-—e*)dx=0 6. E—(l+x)(l+y)
dy
5 5
7. ylogydx—xdy=0 g ¥ L=
ylogyadx—xay dx y
dy_ . 2
9. Z—SIH X 10. etanydx + (1 =€) sec>ydy =0

. (3)

11 ¥ 14 9% & U9 °, Y Taha TH0 o fou fRu gu ufasy i 9qe &

gren faferse ga A Sifs)

d
11. (X3+X2+X+1)d—z =2 +x;y=13aC x=0
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d
x(-DZ =1, y-0afk x=2
dx

cos(ﬂjza (@ae R);y=13x=0

dx
d
—y:ytanx;y:2q?x:0
dx

fog (0, 0) W TSRA ATl TH UH dh hT THIHIU AA hifoy fSTEehT Tahel
THIHT y’ze‘sinx%l

aqawuﬁwxy%=(ﬂ2)(y+2) & fau fog (1, -1) 9 oA dren 9%

1 it

&g (0, -2) ¥ ToRA aTct Uk UW a1 GHIHUT A1q Switaw fager gt fog
(x, y) R T30 T@1 1 qa0r SR 39 fag o y Fsnes =1 e 39 fag & x
fodenin o e 21

T g o fhdl f95 (x, y) W w9t @1 &1 gaour, et fog &t 65 (- 4, -3).
Y e o1el TarEe w1 Jaur i g 21 AR ge a9 fag (<2, 1) @ e @
ql 39 ok T GHIHIOT 1 hifed|

Tsh TR oI 1 3T, f99 gdl SR G S @1 7, fer fa 4 a5
@ € A% RY W 39 TR HI B 3 o ® SR 3 ke 9% 6 I €,
 Hohe 918 39 TR &1 e 9wt

forelt s & gavH 1 9fg r % s 1 W Bl 21 A 100 T 10 O §
TM & W T, A T AE @ RIS (log 2 = 0.6931).

foret s o Tore 1 9fg 5% =it #1 R 9 el 1 39 §% o Rs 1000 <A1
FHAC S S| T SIS 6 10 o a5 72 TR foha & Swi? (5= 1.648)
fereft Sfremoy T & Sfamupeti w1 @@ 1,00,000 12 WS § EH @ H 10%
1 gfg et 21 fohaa =2 o Sframope s ge@n 2,00,000 B ST, At staopE
o gfg I W STk SUTEed HE&A o THMUN! B

Wﬁw%:eﬂymmmgz

X

(A) ef+e7=C B) ef+e=C
C) e*+e=C D) e*+e¥=C
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9.4.2 GUATATT FdaheT GHIEUT (Homogenous differential equations)
xTd y o frefafed wemi ® foeam wifsg
F (x,y) =y + 2xy, F, (x,y) = 2x - 3y,

F, (x, y) = cos (%) , F, (x,y) =sinx +cosy

IfE S Herl o x 3 y i el YRR R A% T wEw: A TE Ay @
yfaeenfd T faan S @ &9 W FW@ T

F, (bx, Ay) = A2 (32 + 2xy) = A2 F, (x, y)

F, (Ax, Ay) = A (2x = 3y) = A F, (x, )

3 }\x x 3

F, (Ax, Ay) = sin Ax + cos kyik”FAx,y),ﬁb‘@f 9 noh foau

7 &0 e F € fF Berl F, E, F, ®1F(x, Ay) = M F(x, y) % &9 ¥ feran
ST Hhdl ¢ W F F, b1 39 €9 H T8 foren ST wehar 81 364 &9 Frefatea g
T HW T

we F(x, y), n 5 ol SR %o shedidl 21 9 fhedl I omr A% fag
F (Ax, Ay) = " F(x, y)

T e H & FF S @ H F, F,, F, A 2, 1,0 5 dTet FHemdre e
€ Saf F, 99 ®od & 2
&0 7 off Uferd w € fR

e F(x.y)= y2[1+5j= yzhg[fj,
y y
E (x,y)=x' (2—3—)}) =x'h, (lj
X X
o E(x,y)=)' [2f—3j =y'h, [fj
y y
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F4(x,y)¢x"h6(%}ne N & f&dr off a9 o fau

n X
Frerell F(,y#Y M S neN

ST Tk ®er F (x, y), n 5 diell GHEAE ®e heeld ¢ a1

Cumerl2) o

%=F(x,y) o &Y Al Skl FHIH HHEEE e € 9 F (v, y) 9 o
ST GHEA Herd B
%=F(x,y) = g(lj o (D)
X X
o &Y alc GHEN STEehd FHIGRIU hi A I o (AU gq %=v319ﬁ?f\
y=vx )
yfeeenfud w3
G101 (2) 1 xS AU Fahed HE W EH I FW o ¢
@=v+xﬂ .. 3)
dx dx

W@)@%mmﬁwﬂ)ﬁﬂwﬁamﬁmmwaﬂﬁ%:

dv
V+Xx—= \4
T g)

Feiq xﬂ=g(v)—v . ()
dx
THIRTOT (4) H =R B YUP HH W EH W H @ :
dv dx
=— . (5)
gv)—v x
GHEFT (5) o <A & T GEEREA G W B WW B 2
dv 1
s B - (6)

Ifz v 2 gfaeenfad &= KA ST dF G (6), STa THIHOT (1)
X

AMeh gl 9T hdl %l
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d .
s GHET  STahd IS d—;ZF(x’)’) % ®9 W 2| @l

F (x, y) Y1 91 ol SR e € @ 89 L=y S1eid, x = vy Sfaenfi| w1
y

%ﬁ?ﬁ?{@ﬂﬁﬂﬂf%a@m——ﬂxy) h( ] % w9 § for@et = g
M@ W ok foU 2 wqd &

IETETOT 10 WY T raehel FHiehToT (x—y Zx = x + 2y FHETE € 3N SEHHT B
1 whifsa)
T U MU st iRt i Frefafaa w9 o ifteed foman S g ©

dy x+2y
oy (D)
T ehfT F(x, y) = 2T2Y
x=y
- F(hx, Ay) = x}b(zwzy)) A" F(x, )

AT F(x, y) 4 ¥ oTell THEME 6o 2|
1q: Teo €3N erashel WHIhIU Ueh WHSIAT 3faehel FHIhI

faseqa:
1427
|« :g(zj
dx 1Y X - (2)
X

TRt (2) 1 ST e g[ j%mﬁ%w@%wmm@w

o ¢l S THIeRTl (1) Toh THedd 3Tedhel T B
TUH A FE F AU BH GiALOT w4 B
y=vx .. 3)
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G101 (3) 1 x o GO TR I W Y U W ©

Tt (1) ® y T

dx
dv 1+2v
V+x—=
dc 1-v
dv C1+2v
EOI| —-v
S dx 1-v
e dv virv+l
° dx 1-v
v—1 —dx
A 3 dv =
vi+v+1 X
GHieRTor (5) o {1 UEl 1 GHRO 3 T EH U W B
e
vi+v+1 X
2v+1— 3
e —j =—10g|x|+C
vi+v+1
2v+1 3 1
S OE] — ——|—=——dv=-log|x|+C
'[v +v+1 2jv2+v+1 g| |
1 2 3 1
—log|v +v+1l|——|—=——dv=—log| x|+ C
et 2 g| | 2jv2+v+1 gl
SIRE]] l1og|v2+v+1|—§_[ ! 2alv=—10g|x|+C
2 2 1Y (3
v+— | +] —
CHEE
1 2 3 2 -1 2V+1
—log|v:+v+1|——.—tan =—log| x|+ C
3T 5 g| | 23 [\6] g| |
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ST %10g|"2+v+1|+%10gx2Zﬁtan_l(—zv-ﬂ].;_c

NE

v ﬁ%,@qﬁwﬁmmﬁmmwaﬂﬁ%:

31 %log i—j+%+l +%logx2 :\/gtan_l[z\)};xxj+C
31T %log [i—j+%+ljx2 =-/3tan™ [%]+Cl
31T 10g|(y2 +xy+x2)|=2\/§tan_l[2\)};xxj+2cl
37%7aT 10g|(x2+xy+ y2)|=2\/§tan_l[x+2y]+c

V3x

IT TEFHA GHIHI (1) HT ATTF TA T

SETEYUT 11 SUIET o taehal e xcos[l)?zycos(l)+x e € 3R
x x

X

THHT B 1A hiTSIC)
Tl e gan srashe gHie fefefaa &9 o foran w1 g 2

y
coSs| — [+
dy 7 [x)x

< X cos(y)
X

qﬁ%:F(x,y)éamanWW%l

(D)

ymﬂg+x%

xm{q
X

T’ F(x,y)=
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X A ¥ TE yHl Ay ¥ giaeenfid 3 W ed Ww S 8

ﬂ[ycos[yJ+x]

X

ﬂ(xcosyj
X

F (x, y) I S1d o1l GEETAE Feld ©, SafaT {5 g3t eTashel Tl T quemda
3T THIRIT B S9! B F o o0 89 Ufaeen T s 7

F (Ax, by) = = A°[F(x, y)]

y=vx .. (2)
THRTOT (2) &1 x & TN STaRed FH W B9 U S B

dy _ . dv

dx_v+xdx -G

TR (1) § y %mmmﬁamﬁm%ﬁww%:

dv vcosv+1
vVt x—=——
dx cosv

dv vcosv+1
YT X =

dx cosv
A

e dx cosv
37 cosv dv :@

x
Tgfee J.cosvdv:.[ldx

X

Y sinv =log |x| + log |C|
Y sinv =log |Cx|

vﬁ%wiﬁwﬁawqummﬁ%l

sin (l) = 10g|Cx|
X

IT STEFHA HIHI (1) FT ATF TA T
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SETETUT 12 WS o S1aehed FHIHTOT 2y o dx+ (y —2x e’ ) dy =0 THEIE § @R
A, x=0 5@ y=1 Tz gan & @ 39 T &1 faftre a1 9@ wifsm)

o o o

Tl fean gan srashel iR frefeiaa &9 o foran s wenan 2:

X

dr_2xe’ -y Y (D)
dy x
2y e’
x K[Qxey —yJ
2xe” —y B T
HH ifeg F(x,y) ==——— @ F(u,Ay) =—F—~—=* [F(x,y)]
2ye” k[fzyeyJ

a1d: F (x, y) Y A oTell GHEg 6o 2l
T, 5o gan eraeshel WHIehIo Ueh HHSM Sfaeshel THIshI B
TEHT A A B o T, B x = vy FiTEndT & 2
GHHOT (2) 1 yoh WU SEhe H T EH WK i
dx dv
_:v+y_
dy dy

T (1) o x@%wmwﬁwﬁawqimwaﬂﬁ%:
y

dv 2ve' -1
v+y—=
dy 2e"
dv 2ve' -1
aferell y—= —v
dy 2e"
el y o
dy 2e"
et 2e'dy =%
y
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YT J.ZeV.dVZ—J.Q
y
SIRE]] 2e¢=-loglyl+C

vﬁfﬁqﬁwﬁHWW%nwaﬂﬁ%:

2 e’ +loglyl=C )
G (3) H, x=0Td y= | Saefid w3 W eH W & 2
2¢+loglll=C=C=2
C &1 M G (3) o wiaeernfud s W g od &3 ©
2 ¢ +loglyl=2
Te fau gu srase Tl ®1 T fafire ' 2

SEE0T 13 J9IMSY fob okl 1 g, oMo fedt a5 (x, y) R w99t @ 1 gaor

2, .2
Xty %,xz—y"’:cxgl'{'fglﬁél
2xy

T BH WA © T Uk g o TRl fag W eyl Y ) wao %%wgﬁ?ﬁ%l

dy xz+y2 dy 1+L2
dx 2xy dx 2y M

W:W(UWWM%
maﬁwmﬁ%%mmy:vxmw%l
y=vx okl x o WU kel i W & U B:

2
@=v+xﬂ Ell v+xﬂ=1+v
dx dx dx  2v
dv 1-v? 2v dx 2v dx
3d: x—= a1 sdv=— 71 ——dv=——
dx  2v 1-v x vi—1 x
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2v 1
Tgfeae '[vz _ldVZ—J;dx
37YE log|v2 —1| = —log|x|+log|C1|
SREN) log‘(v2 —1)(x)‘= 10g|C1|
SRE| V-DHx= =+ C

pa 2 F yfeid wE W eH W e
X
2
y
[—z—le:iCI
X
SRE]| (0’-x)=xC xTqx*-y*=Cx

| woTerett 9.4

1 ¥ 10 T o Yedsh W9 H SIS fop faan gen srehel Siehor e 8 @i s
U YIF hl A FHIToIT:

, X+y
1. P+ xy)dy =%+ )y dx 2. y=
X
3. =y dy—-(x+y)dc=0 4. =y dx+2xydy=0
dy
24y _ 25 2 _ [2, 2
S. de x° =2y +xy 6. xdy—ydx=\lx"+y dx
7. {xcos (lj+ ysin (l)} ydx= {ysin (lj— xcos(l)}x dy
X X X X
8. xd—y—y+xsin(zj=0 9, ydx+xlog(ljdy—2xdy=0
dx X X

0. [1+edex+ey(l—§)dy=0

11 ¥ 15 T o Y9I H Ueh STahel THIR o forg U gu ufdqeer i Oqe & et
fafere ga q@ wifs

1. x+y)dy+(x—y)dx=0;y=13< x=1

12 2dy+(xy+y)de=0y=13<x=1
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13.

w0

{xsinztl)—y}dx+xdy20; yzg IR x =1
x

14. ﬂ—l+cosec(lj=0; y=03aEx=1
dx x X

d
15. 2xy+y2—2x2d—y20; y=23agx=1
X

dx X
16. EZ%;J&?WW@WWW@W%&?WW@H

¥ ¥ % 4@ e e S e

(A) y=wx B) v=yx C) x=vy (D) x=v
17. Frefafed & @ &8 91 9uedg sfeshe qeiehior 82

(A) Ax+6y+5)dy-By+2x+4)dx=0

(B) (xy) dx —(x* +y*) dy=0

©) P+2y)dx+2xydy=0

D) y¥de+ @ —xy-y)dy=0
9.4.3 aw araheT GHIHIUT (Linear differential equations)

= ipy=
IRl Q,

& ®Y oAl el GHIHT, TY P U Q ST el hadl x o el §, Y Whife

o~ a o A~ a
<l WGh Adchel HH[h I hadldl %| YIH RS éﬁ {(€Gch SHdchel HH[h U] éﬁ @
ITE TH YFN B

dy >
—+y=sinx
dx Y

dy [lj :
— 4| — =e
dx \x Y

dy (_y |1
dx \xlogx) «x

~ o o . dx .
Hem whife o aeh el THIHU 61 SH €9 Uehe d_+P1x:Ql 2, foe p,

y
SR Q, 3SR %A Hoel y o Held &1 T8 YhR o STohel HHIHI o o I
Freferfaa & ?Hmsy
y
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~ Ve Py
TIH Rl éh‘ dch 3Hchel HH[n U]

dy
— :‘! “ee 1
dx+Py 0

I T H o faIC eI o AT 9l hl x F B g (x) ¥ 0N HH W FH I
FW T

dy
g - +Pg)y=Q.¢ ) - (2)
g (x) T =T T YHR HIFIY Ik THIRTOT T o= T y . g (x) T STheTst s ST :
Ll _4
1Iiq g —— +Pgy="[y.g W]
dy dy )
SR g - +Pgy=g) - +yg®
X dx
= P.g () =g
g (x)

AT &l 1 x o Gy GHHEH T W Y WW Hd B
J.de: J.&dx
g(x)
o [P.dx=log(g(x)

SRl g(_x): e-[de

THHT (1) Hl g(x) = P4 T TOT HH R SH GHIHIT T 94T U&7 x qMy F
ferel o 1 STgsheSt 99 WAl B1 T8 BoH g(x) = elrd U g STahel HefeRtor
HUTehe TR (LF.) Feard 2
FHHT (2) B g(x) 1 AE Hiaeeiid S W 89 9 Sl e

ejpdx@+Pejpdxy=Q. ejpdx
dx

YT i(yejpdx):erde
dx
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A TEl HTx, S TOY GHHEA FE W Y U FW B
y‘eJ‘de :J'(Q‘eJ‘de)dx

ol y=e TP J(Q ~ejpdx)dx+c
g Adehdd THRY0] 1 STIH B %l

W hifE o gk TRl AHIHTUT whl T1 i o feTo Aftafera =Rt

) ﬁngaawaﬁwaﬁ%+Py=QéamﬁﬁF@QﬁmﬁRQwaw
e x o el B

(i) FEH ok (LE) = JPer 7 wifs)
(i) U U T THidIvl &1 ga Frefafed w9 o fafau:

y.(LE) = [(Q*LF)dx+C

dx
Ife gorq Fife o1 Pk Terhel GHH d_y+Plx:Ql % w9 7 ¢ o P 3R Q,

TR 3196 hd y o F@M 8, @ LE = B4 3R

x.(IF)= [(Q *LF.)dy+C 3faehel GHisH 1 T 2|

3alElUl 14  HAdehdd TR @—y =cosx Il HMUsh Td A eIl

dx
ol T gam ot wHieRI
dy o
I +Py=Q 2% WEP=-13 Q = cosx

Tgfae I.F.=ej‘ldx=e’x

GUeRToT o <A Uell I LE. ® 0T i W W WK hid 8:
—X@_ —X — —X
e e e y=e "cosx
d

3erEr —(ye_x):e_xcosx
dx
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Al Y&l 1 x o WYY THREH i W BH U i o

ye " z_[e_xcosxdx+C .. (D)
A ofifse f& I= _[e_xcosxdx
e—x
= COSX — | (-=sinx) (—e ") dx
[_1] [(=sinx) (=™

= —cosxe —J.sinxe_x dx

= —cosxe " —[sin x(—e™) - _[cos x(—e™) dx}

—cosxe “+sinxe " — _[cos xe " dx

AEn I=—e*cosx+sinxe*—1
YT 2] = (sin x — cos x) ™

_ (sinx—cosx)e™
a 2
RO (1) o 191 A gfaeenfad & W 89 9w Hid 2

_ sin x — cos _
}’exz(—x xjex+C
2
_ sinx—cosx
2
I8 fsu g Adhd ATl 1 SMTF A ¢

SPEI I

31 + Ce"

d
31807 15  3faehdd GHIHIOT xd—z+2y=x2 (x#0) 1 ATIF A J(@ BT
Tl o gen oraehel THe €

dy
x—4+2y=x
dx Y

GHRTOr (1) oF 31 98 1 x W HE 4 W BH U L o

2

(D)

J i i L2
Iz, d—y+Py:Q,éﬁ w9 o1 ash el THIHT 81 98 P== W& Q=x &I
X X

Tgfey 2 og x> '
LE = e.[;dx= e?logx = e = x? [ég‘['[\m elogf(x):f(x)]
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Tfery fau gu wHfietor =1 &
y.xt= [(0)(P)dx+C = [xdx+C

2
o y=%+cx‘2

g feU g erase WHIeHT0T 1 A% B €l

SETE0T 16 3Tahal FHIHT y dx — (x +2)?) dy = 0 1 ATk A 1A hifaT)
Tl e gan erase gHie fefafaa &9 o foran s g 2:

@_ﬁzzy

dy 'y

d o o g 1 3
RES d—x+P1x:Ql,‘ek w9 o Hasw Ewd gHieko 21 F@l P =—— ud
y y

1
_7d B
Q1=2y%| gg E_rrq I.F.:eJ. y y :e—logy :elog(y) :l
y
37d: XU gu srasel THieol *1 B4 ©:

xl:j(zy) (ljdwc
y y

o £=I2dy+C
y
X

Y —=2y+C
y

Y x=2y*+Cy

g feu g erasa GHiehol 1 A% B €l

ISTET0T 17 STdehcl THIHIO

@+yc0tx =2x+ x> cotx (x #0)
X

=1 fafime ga W@ *ifs, & gan @ 7Ry =04 ng

d o a &
7ot fea gan srashe g d—y+Py=Q,éﬂmm s starher GHiet 21 Taf
X
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P = cot x 3R Q=2x+x2c0tx%| gqfeq
LF.= ejcowx =e'%8Y —ginx
3T: STaFe TUIH FH T B

y.sinxzf(2x+x2 cotx) sin x dx + C

YAl ysinx=f2xsinxdx+fxzcosxdx+C
: . [2x? 2x*
YT ysinx = smx(iJ—jcosx[iJ dx+jx2cosxdx+C
2 2
YT ysinx=x2sinx—.[xzcosxdx+.[x2c0sxdx+C
Yl ysinx=x2sinx + C .. (D)

FHFT (1) § y=0TF x=— Fhenfid & T 59 9 w9 &
2

o=(5) (3)-¢

2
F1eren c=_T

4
Tl (1) § C 1 99 gfaeenfyd 3 W 89 e & 2

2
. 2 . T
ysinx = x~ sinx ——

2
2

YAl y=x" - (sinx #0)

4 sinx

Tg fau gu staehel GO 1 fafire e 2

SE1ET0T 18 T (0, 1) ¥ 7oA A6l T T 1 FHIHIU F1d HiST, (S 56 aoh oh
forelt forg (x, y) W =3t W@ 1 yaoren, 3§ fog o x Fewnss (sof) qen x Fenes aii
y Tdstiesn (ife) o UMwE & AN o U 2

mmaﬁ%ﬁwﬁwﬁ@ﬁm%%wﬁ?ﬁ%m

1 ——Xy=x (D
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d o o g .
TR (1),—dy+Py=Q€ﬁ ®Y 1 ash fehel GHH ¢ FEf P=—xTd
X
Q= X2l gqfeTu

2
—X

2

LF.= eJ_X “

31d: T gu Wi &1 B @

=e

y.e_zxzzj-(x) (e;;z)dx+C - (2

RIERSIEL =[x ¢ 2 dx

A eifey th,ﬁﬁl—xdx=dﬂ3ﬂxdx=—dt
W I:—jetd[:—et :—eT
Heietor (2) 9 1 o1 91 giaeenfud & W, 89 9 &

ye? == 2 +C
YAl y=—1+Ce% .. 3)
GHIHTOT (3) Tl o Tl 1 THIHIOT 8 T B 39 el oh UH IET o1 Il 1
T =Ed ® S feag (0,1) W TS 8 FHew (3) W x=07Td y = | wiawenfyd &
WY UM T

l=—1+C.e &5 C=2
gHteTor (3) § C 1 91 gfaeenfyd 3 W 89 9| & B

.X2

y=—1+2e7
T2 A% HT e THEHT B

| ot 9.5 |
1 912 9% o 991 §, Yok 3Agha] GHIHIO 1 AMH A J1d hITST:
dy : dy o dy vy _
1. —+2y=sinx 2. 43y =¢ . 2Ly
dx Y dx Y I dx x
4. ﬂ+(secx)y=tanx(0£x<£j S. Coszx@+y=tanx (OSx<£j
dx 2 dx 2
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6.

8.

9.

11.

TIfoTd

xﬂ+2y=x210gx 7. xlogxﬂ+y=210gx
dx dx X

(1 +x2) dy + 2xy dx = cot x dx (x # 0)

d
x@+y_x+xycotx:0 (x#0) 10. (x+y)_y:1
dx dx

d
ydr+ (x—-y)dy=0 12. (x+3y2)d—z=y (y>0).

13 9 15 T o T § Uk Taehal Tl o fore fSu gu ufaer 1 S & are
fafere ga1 7ma sifs:

13.

14.

15.

16.

17.

18.

19.

@+2ytanx:sinx;y20 RIS x:E

dx 3

(1+x2)ﬂ+2xy=;2;y20 I x=1
dx 1+x

@—3yc0tx:sin2x; y=2 3fg x:E
dx 2

T 95 | oA 916l U 9k 1 HHIRIT H1G Hife afS 59 a5k oh Tl fog
(x, y) T T3t 3@ &1 georn 3§ fag o fdvmeni o 4 o ue )

g (0, 2) ¥ TS ATG Tk HT GHIH T HIG A 39 9 o fhdt 535
o fdensl o1 A 39 fag W @it T Tl W@ @ yavir o i § 5
s 21

d
eIshel FHIHT xd—z—y=2x2 1 G 0 B

1
(A) e~ (B) e © 7 D) x
FAHT FHHT (l—yz)?+yx = ay(-1< y<1) %1 AR T 2:
y

1 1

1 1
(A) v -1 B) [y» 1 © -y (D) m
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fafaer 3ergvor
SETETUT 19 HAMUd HIWT foh e y=c, e cos bx + ¢, e sinbx,\‘rlﬁcl,czw

3R ®, TRl FHIHI

4y za;l_+(a +5%)y=0 = 7 2

dx®
Tl e gen we €
y=e"[c, cosbx +c, sinbx] . (D)
Tt (1) o S 9l 1 x % | oTaehed W W U © 1%
? =e™ [~bc, sinbx +bc, cosbx] +[c, cosbx + ¢, sinbx]e™.a
X
37991 %ze“x[(bc2+acl)cosbx+(ac2—bcl)sinbx] .. (2
X
TfieToT (2) o ST 9l F x, o GNE faFed ® W EY UW § fF
2
%:e“"[(bc2 +ac) (=sinbx.b)+(ac, —bc,) (cosbx.b)]
X

+ [(bcy +ac)) cosbx+(ac, —bc,)sinbx] e .a

= ¢“[(a® ¢, —2abc, —b’c,) sinbx + (a* ¢, + 2abc, —b*c,) cos bx]

a2y
feu U sreee gt o o @ymmqﬁwﬁawq?wuﬁ%
BRI =e“[a’c, —2abc, —b’c,)sinbx+(a’c, +2abc, —b*c,)cos bx]

=2ae™ [(bc, +ac,)cosbx+(ac, —bc, )sin bx]
+(a*+b%)e™ [¢, cos bx+ c, sin bx]

(azc2 —2abc, —b’c, —2a’c, +2abc, +a’c, +b’c, ) sin bx
e X

+(a’c, +2abc, —b*c, —2abc, —2a’c, +a’c, +b’c, ) cosbx

= e™[0xsinbx+0cosbx] =e*“x0=0 = AT e
Ty foo gan W fau gu fashe Tl %1 B 2
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SETEI0T 20 SAThed HIHI] log(%)=3x+4y =1 faftre g 7 sifsw f=n gan
X

2 fr y=0a x=0
Tor T gen erae Tt frefatad &9 § foran ST e 2

Q:e(3x+4y)

dx

d .
P d_z:es oV . (D
=R *! Yo HH W EH UQ €,

%—e3xdx

e
Tgfee Je_4ydy —jeSde

e—4y e3x
SLE] = +C

-4 3
YAl 4e+3e4+12C=0 .. (2)

et (2) Hx=0Td y= 0 Giaeitd % W &9 I« 2:

7
4+3+12C=0%w@ C= -

TS (2) § C o 9F Hiqeenfyd & | &,
ben43em-7=0,Td FQ &
Tg fau gu sEswe giR %1 U faie g 2

3alelur 21  Aded TR0

(x dy —y dx) y sin (%) = (y dx + x dy) x cos (%)ﬁ T HiftT|

o oo

Tl e gan eraeshe gt Frefefaa &9 o forar s dear 21

[l eol3JoLowol el
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y 2. (Y
cos| = |+ y“sin| =
dy_xy (x) Y (x)

&L a
dx Xysin (y) —x%cos (y)
X X

T U W Y TS B Al B2 W 9T S W EH UM &

2
Y YNl Y Asin| 2
dy _cos (x)+[x2]sm (x)

N (1
dx ysin(y)—cos(y) M
X X X
dy [y - o -
Treed: TR (1), dx—g . o &Y FHT GHEE TThel GHIRT 8, EES I
TG GHIRT Hi T H oh forg gd
y=vx .. (2)
yfeeenfud & 71
dx dx
d +v?si
o ytx &L VCOVEY SV rfyapzor (1) @R (2) T TN FE W)
dx y siny —cosyvy
dv 2v cosv
ran raialirwy 2 &
X yvSimy-—cosv
(vsinv—cosv) 2 dx
SLE] — | dv= —
VvCOSv X
: J- (vs1nv—cosv)dv=2j-ldx
VCOSV X
374 Itanv alv—J-lalv:ZJ.l dx
A% X
SRC| loglsecvl—logIvI=2loglx|+log!|C, |
S€Cv
Aol log |=—|=log|C,|
VX
secv
=+C
Frerell 2 | (3

Rationalised 2023-24



344 TTfoTd

T (3) Fy ﬁ%@uﬁwﬁamﬁmwwﬁ%’ﬁ

=C, M C=+C,
y 2
e
X
YT sec| = [=C xy
X

Tg fau gu sfashel GHi %1 =% &l 2

3alalul 22 3Hdehd H‘-Iqlch‘\ul
(tan"'y— x) dy = (1 + y*) dx T T F1 hifsQ)

o oo

Tl e gan erashe e fefafaa &9 o foran s g 2:

ﬂ_i_ X _tan_ly
dy 1+y2 l+y2 - (D
W(l),?+P1x=Ql,é?waﬂ%F@$Www%wﬁ

y

1 . t

P = Q:
1 1+y2® 1

-1
an 'y %
| SHfeTU
l+y2

— d
1LF :e'|.1+yZ Y :etan"y

THfey faU gu Sfashel Wil &1 Bl B:

-, tan_ly -1,
xe™ V= | —/—=|e™ Ydy+C .. (2)
j [1+y2] ’

-1
WA e 1=] [—tan Y je‘an dy

1+y2

1
1+y

tan‘y:tm&lﬁwm%ﬂqﬁ%ﬁ[ 2jdyzdt
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o7 I= [tedt,T=te~]l.cerI=te—e=e (1= 1)

3T [= pan'y(tanly —1)
TR (2) W1 A9 gfaeenfyd s W §F

x. elan’l Y= elan*I y (tan_ly _ 1) +C 'cnﬁ %

eret X= (tany—1)+Ce ™"

g feu g erase WHIeHol 1 A% B 2l

37T 9 T fafaer gy-naeit
1. Tr=fafaa sraea gl § 9 Yo &1 wife e o (I gifia 8) I

EAIELY
2 2 3 2
) %"'5){?) —6y=Ilogx (ii) (?) —4(%j +7y=sinx
X X X
ody . (dy
(i) d—[d— =0

2. Tr=fafad g  yoie & fau genfud iy fe o gsn wem (eras stean
TWR) WA STaehd THHO F & Bl

d’y . d
1) xy=ae +be*+x* : Xd—z+2d—z—xy+x2—2:0
X
d’y  dy
ii) y=e* i s ——-2—4+2y=0
(i) y=e"(acosx+bsinx) : P Ix y
d2y
(lll) y:xsin3x : F‘Fg y—6COS3X:0
X
d
(iv) x*=2y*logy : (X2+y2)d—i]—xy:0

3. fag =IfST f& 22— y2 = ¢ (2 + 2P W&l ¢ T WA €, ahd HHIH
(¢ = 3xy?) dx = ()° — 3x%y) dy 1 ST TA Bl

dy [1-y°
4. Wmd—y+ l—yzzo,mﬁxilmwmaﬁaﬁml
X - X
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10.

11.

12.

13.

14.

E 2+ x+1
G+y+D=A-x—y—2xy) 8, TEd ATH y=a B

T%I'g’,( )@WW@@W%HHM{UIW% a1 Taehd

THIHTO s1nxcosydx+cosxsmydy—O%I

. 3FRA FHIR (1 + e¥) dy + (1 +)?) e dx = 0 &1 T fafere ga1 3 +ifeg,

fem gan @ 76 y=14K x=0.

X

. meeydx (xey+yzjdy(y¢0)aﬁrwaﬁaﬁm|

STHA FHIHWT (x — y) (dx + dy) = dx — dy F1 Tk fafite g1 9 s, =
T T T y=—1,a x=0 (Fohet: x—y=1T@)l

2x

N

aqawwﬁm{ } =1(x#0) &1 TA A1 hifeq|

d
W'ﬂ"ﬁwd—z"')’com=4xcosecx(x¢0)$l@ﬁﬁ'|?%ﬁ3|ﬁaﬁm,
fem gen € f y=0 9k ng

d
SAahA THEHIO (x+1)ay:2efy—1amqem%rﬁswwamaﬂﬁq,ﬁm§an
g fp y=0afg x=0.
st e LX) o o 7

y
(A) xy=C (B) x = Cy? (C) y=Cx (D) y=Cx

d
d—x+Px Q, & ®Y d1d 3fahe HHIHIU F TH BA o
y

(A) y eJP‘ Y= I(QleIP‘ @ ) dy+C

B) y.el"*=[(Qef*)ax+c
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©) «x eJP' Y= J-(Qlejp' o ) dy+C

(D) xejp'dx zj(QleJP' dx)dx+C

15. S7ashed FHFEU e dy + (y e + 2x) dx = 0 1 A9 B o
A xe+x*=C B) xe+y?’=C (C) yer+x*=C (D) ye+x*=C

T

¢ T UH wHeRtor fod T =X () oF WuE SffHd =R ok Sfeehers!
(3Teehersil) GftAferd @, eTdehel GHIHU HEam 2

¢ fFE stowa iR § Afmfad S<uqq TS i Hhife, 39 3Tahd
ROl 1 i el 2l

& I g SToehel T STehersii § 9gUs HHIHIU € dl S STeshel Tl
1 =1a IR et 2

o Tl oToa THR &1 u@ (AR IReifia 81) 3§ e gl |
Gt S=aq HifE SFehers 1 S=0d9 = (Sholel A Uik ) Bt 71

¢ UF fIU U Tahet THIHIO FH W A ATl Herd 39 Tahel THIHIT
T HEld Bl Tk UH gl Sed Saq & W@es 3R 8, Sl SH st
T 1 HIE €, Y Bl HEadl € IR Wes =l ¥ Yo el faime

Tl e 2l
d dx
¢ T UH sfahal G, Fgehi d—i=f(x,y) el d—y=8(x’Y)ésmff
rfireTerd feman T Tehell ©, &1 £(x, y) To g(x, y) T ST ol THETAE Her
S, T ST S HEand Bl
ay

dx q o e fa)
xéﬁ EaGE| %, TIH bl YWGh HAdehed HHI U] chgAldl %|

+Py=Q, % &Y areT askhal GHIRT, TS| P aen Q 1= SI¥el shaa

UfdeTiash gy
aferhel TR T 1 W@ wreti § 9 Tk 21 Teieh 92 e § TR s
gHIHION 1 3Tfded Jask 11, 1675 Gottfried Wilthelm Freiherr Leibnitz

(1646-1716) T Teierm TefafepT, [ y dy:%yz , %! fafea w9 o weqa foran qen

Rationalised 2023-24



348 TTfoTd

I8 AT vkt [ 3R dy © IRfe @ a&qd: Leibnitz TH a5k w1 S T 1
e | W o et vt ke 8, 39 'Wen 7 9 1691 H 3% (=
R fafy’ oF ST=aoT 1 ARIRRA il T oY 9¥erd S Yo Fife oh
G G0N o Bl e i fafer’ o1 gEieor fRan 3§ o 9. Si sted
T § S ‘YoM HifE o WA awd GHIHN &l B T Hi faf’
] feran| fema ae=rEisien € o Sugjsrm wefi fafeai i @it sere T =t
BRI Tehel HHIHON oF S oF Jedtd 9ul oh TeUrary o 3idid |u= g3l

YR § hdel THIHON o ‘T’ HE hi YfAfH Hl TR GHIRON h
‘grher’ oF w9 H fAfdve fRa T e @w W W 1690 H WUHd: James
Bernoulli, (1654-1705) SN Y¥e § o™ 11 ¥k ‘B’ 1 AL TN
Joseph Louis Lagrange (1736-1813) , SRT 91 1774 Y fopan T IR TS ST
IO oF S " @S 100 99 a5 Hfed gl A Jules Henri Poincare
(1854-1912), &, TSI=1M oI5 ‘&1’ o WM o folu sTehTed ok Uiqd fohall, Therd:
MYk YR | 3168 B ol STUHT 3fod M U g3Tll ‘= oF geashiviy fafy
T AT John Bernoulli (1667-1748) , James Bernoulli o SRS e =
TE 20, 1715 &l Leibnitz 1 fe@ o104 931 ®, =W fefafaa steehe SHieo
% TA Hi G fhY

Xy’ =2y
o &l I YehR 1 Tkl AT : TRelerd, SIAMReerd 3R S+ okl oh Th T
e YA €1 T S € foh UE Wiel fG@r g ol sraehel Wil o gl
Y T T YR H 2| 209 Tt o Saud # ¢ Sfeehel THishion o ToTTcHsh
foreeraon’ sfiver o STaia STeahel HHIHIUN oF Tal i Sited Uehid oh STIShR Bq
M RN fHaT T 3TSIehel SU o |t S1foshl 2 3Tcda fafyr o &9
¥ Y@ T U e 2

> —

o,
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('FI'FEWT SSITUTA (Vector Algebra)'

¢ In most sciences one generation tears down what another has built and what
one has established another undoes. In Mathematics alone each generation
builds a new story to the old structure. - HERMAN HANKEL +}

10.1 95T (Introduction)

1o ek Sfter | g e g fierd @ S Tk emueRt |
S 1 87 T Feal o Taeel o S0t & 3 o6
TR faaret & g g waH o o i R 9 wR
TR Al AMEU? Taclieh hifog fF YoM 99 61
Hofad ST 1.6 HeX 8 Tehdl 81 I8 T UE Ui @
Tftaferd &1 T afemt e weard €1 denf g g
# IW TH T A B (N ww wed €) fomw
eyl w wfe ufmmo & @o-my oo (e
T faerel from ©) oft wfmfera 81 vt afmt afe
Feardt §1 o, st e st § ¥ 3 vwR
1 AR FrHa: ifew feEd, S| R o, semm, W(-gofslf'lrggst;m
e, S, Hieierh gets W |ieer AfvrEt Si9 fop foeemem, o, @R, e, 9R, He,
faga &= 1 dga e sgen fuerd &)

TH A § BN WKW A TP AURYd Fehoord, Ffee w1 fafe= wiwand ik
TR SfiSig TE ST Turerdt 1 7999 31| 39 S YhR ok TUret 1 gfferd
®Y Gl H Hehew T 1 POl A @ T SR SwE afem & o et fawma
IO 1 SR IR e B

10.2 FD ATYRYA WHeUTY (Some Basic Concepts)

e ehfee for foret da ereran fr-fadftar ofafle § 1 1 oXa Y@ g1 IR o frem &t
TR O T T H 3 R UeH # S Gt §1 39 I o © fifeea faen At &
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off Tk @ few @ wean @ [ 10.1 3), ()]

() (i) (iii)
3TTeRfd 10.1

are Ufera wifST for afe &9 T@n 7 1 t@rEs AB q% Wiadfid Y <9 § qd
9 A 9 fordt w fewn areft T 2w i fHuffa 8 S 21 39 IR B TR
e t@mEs g Bl © (3MmeRtd 10.1(1i)) | 37: Tk few teEs | afieor ug faen
T e 2
ufturer 1w T i fomd ufmmor oo fen 6 B ®, afew weerd ?)

I ST R Tk (e Yerge afke g ® (@ 10.1G10), 9 AB e
UURUE: g, o &9 H e w0 € oK 30 9fkw ‘ AB ' oremn |few ‘g ' ok w9 °
Ted €

e fog ARl 9@ 9fker AB WRY e 8, yRfer g weer € o1k og fag B w&f
W IR AB , GHIE BT ¢ ifan {55 Fean 21 fhd afaw o yrfre o sifag fage
o o= i T AEE 1 AR (ST TaE) Feel @ SR TH |AB | e 415k
w0 o fafdee fmean St 21 @R o e wfwr w6t fn o il s 2l

| Temrult| il wam et off EoTeTE e B € SateT Hohdd 1 | < 0 % HE
a1ef & 2

Tearfa |fg9T (Position Vector)

wen X1 9, f-fadia <faomad! gwesifoen s ugfa & oo sifse
(3mRfd 10.2 (i) 1 afer & 7a1 f§5 0(0, 0, 0) o dmer T q@ g P ofifre fooen
e (v, y, 2) B1 @@ wiew Op foe O 3R Pww: WRfvess we aifom fog €, 0=
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z Z
N N
o B
P(x,),2) 7 7
> 27
> >Y
0(0,0,0) Y G)
X (@) X (i)
3TeRfa 10.2

Trie fog P o1 feorfq wfker sheam 21 0§ (e X1 9) F1 ST FW T Op
(15 7 ) 1 IRE fFEfafed 9 9 e g 2

IC‘)13|=\/x2+y2+z2
=EER ¥ 7a fag O o 9me, fagsti A, B, C sanfs o feufa 9fsw 991: 4,b,¢
¥ ffdee fopn Wi € [emmeRfa 10.2()]1
ﬁiﬁ—aﬁ‘m’s'? (Direction Cosines)
T g P(x,y,2) 1 feafd fewr OP (sreran 7) <SS i emepfa 10.3  zwifen
T §1 WY 7N x,y UH z-3181 ST oIk RSt oh Wiel §MIT T SHEST: il

V4
Cl.o
R 8 P(x,0) |
. -> ot RN :
r .
' Y Pl
. o) B. - y
] a "
: X '¢' : R
A:_'_‘_ ________________________ :,"
(0]
X
3T 10.3 Ay
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o, B,@YmﬂaﬁWWﬁ%lﬁaﬁﬂﬁ%WWﬂﬂﬁcosa,cosﬁ@f cos ygfst
7 o fEoh-hIAEA el © IR TH=Id: Tkl hHel: [, m Td o @ fAfdee fofan S 2
Mepfa 10.3, ¥ &9 <@ € foh 199 OAP U wHenior F19fst € iR 39 & 4 &n

cosa =" (rﬂﬁl?lﬁmmﬁm TI?JIT%) W I Bl S YRR GHehior i

r

OBP TS OCP¥ & cos B=2 T cosy=- for@ wehd 1 59 YR g P Fdemier

aﬁ(lr,mr,nr)éawﬁafﬂagaammﬂgm% fEeF-hHTE o FHT SEA [r,
mr W& nrafes f&ﬁ%—wmﬁ%aﬁwmm: a,bamc@ﬁrﬁﬁ?%m
SRS

| Towroft | &0 e R W € FR 2+ w2+ 2= | WY WEER: P+ b+ % |

10.3 Afe9n o Weh (Types of Vectors)

I AIEIT [Zero (null) Vector] T Tiw 5&eh yRfver wd sifqd fog wurdt 2,
I A9 FEa € SR 58 § o ®9 H fAfdse o smar @) v afker w wE e
faen 9eM &Y T S ool iR THRT IRAT A I € el fahoud: THR HiE
oft feen «Ror foRT gW AT ST Wehel B1 W9 AA,BB v Wikwl @i fefud w2
Tk |EST (Unit Vector) T Gfel fSieert afiam W (319fe0 1 391) & |5k 9iew
e 21 et e g afkw a =+t fen & aees 9few 1 ¢ @ e fra s 2

HE-ATIEH |G (Co-initial Vectors) I 1@ 31freh Afwr fowert T &1 IRfye fog
2, He anfeH qiey wean Bl

W@ [T (Collinear Vectors) €1 312@l 31fies |fgy af weh & W o THid &
3 T Tfew wEan €|

HA |fT (Equal Vectors) <1 WSS G qon 5 THM G heeld € Afg Seh IRemT
we faen A €1 SR G =b o ®9 H fomn s R

FUTAah afg9T (Negative of a Vector) T Hfer fger afmm fu gu afkw (A=
s AB ) o &AM 7 W fSmet feen fu gu afe w1 fon o faoda 2, fu gu afe
H1 FHOTHE® Headl ¢ SIEWM: TRY BA, W@ AB H RUIHE § IR TH
BA=-AB % &7 ¥ forman s 2|
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froguit e uftefod afeer 30 gR ¢ o 39 o fordt 61 ot 3qek aftamon u feem
%1 gftafda foru famn i o g fearenfua foran S gendl 81 39 YR & 9T @as
el Feamd €1 38 QA | TF Tad qiew w1 & ==t wi

N

IETET0T 1 SfR707 9 30° Ufv=d |, 40 km oF fawemq
] STerEg e sifsu) W O g
7o wiew op e feremd & frefa wa o
(3Tt 10.4 3fEm)) — f00
sareTur2 Frefefed oo w ke ue ofew & w0 $
T gufiag S ¥

(i) 5s (i) 1000 cm? (i) 10N

(iv) 30km/h (v) 10 glem? P M

(vi) 20m/s 3T T 3R 3MERTT 10.4
T

() FEI-SAW (i) STEE-ART (i) TA-TEW

(v) Tifa-sifew (v) Ia-3few (vi) aT-giee
SaTET0T 3 hfa 10.5 § ®F 9 Figw .

q) o@ ¢
(i) A € e

(iii) TE-aeH ¥ faeT "o

— &

— 1 UTeR b =N

(i) 9@ 9w : g,camd

(i1) W%‘Tﬁ{ﬂ:&ﬂ?ﬂé 3:"72!'7&[10.5

(i) we-3nfem IfEeT: b, ¢ qend

[woraett 10.1]

1. W I 30°qd | 40 km o faedq &1 ee@E &0 i)
2. Trefafed ot =1 sAfeer T 9fcer o &9 § guftag Fi|

(i) 10kg (i) 2HeX IW-uf=m (i) 40°
(iv) 407emE (v) 107" s (vi) 20m/s?
3. frAfafaa =1 sAfe @ Gz afml & €9 5 guftag wiftu)
(i) HHA HIAT (i) 0 (iii) &
(iv) o (v)
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4. 3MHfA 10.6 (Tw o) ¥ fr=fafea afeet =i r
REEIEIM]
() Te-snfeH (i) TEM
-> ->
(iii) @ W A d b
5. frafafad &1 ST 9 316 39 o 9 § 9|
() a dem —a W@ 2 -
(i) ] Tt@ el 1 9T 9eg §HE e 2 aamf;mo.e

(iii) TEM AT ol &1 wiew W@ e Bl
(iv) FHM SR & < S gie 9EE g B

10.4 |fe9n =T ITHEA (Addition of Vectors)

gfew AB ¥ WHRUM: BAN @iedd @ fig A9 fag B C
T foremom| o1& U udr feafq &1 ==t wifee e

T oeh! fag A Y fag B a% worl © 3R 38 9]

fig B4 fog C a& =it @ (emmeRfa 10.7)1 fog A @

fog C 7 @&t g1 fohan o o fagemu wfw,

AC ¥ 9T g1 & 3R 38 AC = AB+BC & &7 A B

¥ stfieem faran s 31 (T 10.7

Tz gfew 4 %1 e fa seam 2

Y, 91 SR U & WEW G a1 b 2[Rt 10.8 ()], 9 SR AN A
o fore = 59 feearfa o oen S ®, qifer weh o1 aRfues fag g o offem g o gordt
=l T [T 10.8(i)]!

C

\? .
g} >
P At “‘ b
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SETEM: SEHRA 10.8 (i) H, T TR o6 AT Te faen 1 uRafad 6 o 59
TR LI feran € difen goeht wifves fag, g o oifaw fag & gurdt € a9 B19s ABC
1 dEh o AC gR Fefid wfewt g+ 5 &4 Wil g qen b 1 A (reen aRom)
TS T 7, 1iq Brgst ABCH &1 U € fF AB+BC = AC [3TFfq 10.8 (ii)]
3 : FifR AC=—CA , 30y Suda gHishor 9 g4 I © fo

AB+BC+CA = AA=0

TR i I8 ® for Rt B w1 genedl 1 A ww % § forn we 97 =
RO et AR YA A © it URfe e etfaw fog S € S @ [#ehta 10.8(ii)] |

e T Gfew BC &I =1 39 YR HifaQ aifer g9k 9REr 9f<er BC, &
ofeTer & T e, W 39! fRen BC 1 faun o faudi @ sweRfa 10.8(iii) stefq
BC’ = —BC dd T9s = =1 e/ 9an td g [SMehfd 10.8(iii)] ¥ &9 7d € &
AC =AB+BC = AB+(-BC) =d—b
gfeer AC’, a e b o a1 Fefud & 2

319 fordt 7 & T fRIR ® TR fFAR q I o @@ hi IR0 % deeq S
et T 919 1 =99 FQ 21 q9 39 A6 W I A G FHE R 8, Th 591 5N
A T fe@n T A SR @ T o U o SETd 1 A T S 9 o Fud gea o
19 e H T e o O e gF il 81 9 A R g T ue fren (erefq
qRom 97) & SR H Fened foemr @n o fau 'R uw 9fser aree o1 frefated
frm R

Ifg TUR U UH GHTR aqdS H
T ForE qeett ° fefad feuw S e
(ufegror ue feem wfeq) <t @fcer g sy
? (STeRfd 10.9) 9 THIR WG 1 &
A qeneti & IwAfTs fag @ e d e
ol 29 <M1 9feet o5 I G + b k1 AT o
we T wfed frefid @ 81 98 |y am
H1 THR JqS o Faem 2 TTeFf 10.9
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S o 1 STET F g SAFHT 10.9 T TH T B Thd ¢ b
OA+AC =OC T OA+0OB = OC (HifF AC=0B ) fF TmiR =gy« =M
21 3d: B e Uhd § Toh WKW I % < FoH TH T % GHged g

AfE9T TRTHRA oF TUTEH (Properties of vector addition)
Torerd 1 F Wil g wen b % faw
i+b=b+a (sefafTeea)
Suuf THIR TGS ABCD %1 WS (3Mpfd 10.10) 7 #ifse AB=a 3R BC=b,
Ta st ABC ¥ st 99 &1 3w &hdd

TUEBA TN S T AC = a+b r
U TE Gl €, SEfeT SeRfd 10.10 A
- R . . . Zxo".'
AD=BC=b 3R DC=AB=a ¢ T: fust v
A
ADC ¥ st 77 & T ¥ AC = AD + DC ¢
=b+d
. ->
3Ad: a+b =b+a a
3TTeRfd 10.10

Tuterd 2 A9 W a6 @R ¢ fan
(@+b)+¢ = G+ (b+¢) (TE=d o)
suuf oF oifSe, 9feel G,5 o ¢ & FE: PQ, QR Us RS ¥ fFwfua fkan
T © St TR meRta 10.11() 3R (i) o <witen @ B

3TTeRfa 10.11 (i)
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RE| i+bh = PQ+QR =PR
S b+¢ = QR+RS=QS
e (@+b)+ ¢ = PR+RS=PS
3R d+(b+¢) = PQ+QS=PS
37 (@+b)+¢ = a+(b+¢)
feuuit wfee el & Wewd o H wEEd 9 g dF Gfewl d@,b AME @
INThel ISR 1 STAN TR ol G+b+¢ & &9 ° faad 2
e wifee fop fordt wiew G o fog &a o €
i+0=0+d=ad
el 1 wiew 0 Wiew Anhel o fory iva weEiien wee €l
10.5 Ta fe9r o |igyr &1 O (Multiplication of a Vector by a Scalar)

A ofifse & w o gen afew @ &R A uw afiw 1 @9 |few g o efgw A,
T UrERd 5 Aa o w9 § e e s B, wikwr g 1 eafwr A9 [on sedr
21 e HIfST for A g ot G G o TE T |l 81 Ao 0 A U6l SRS
B o SFTHR A G i TS0, G o o e faowdid it 81 Aa 1 URA & o qREm
HTIAI TN BT 2, 37erfq

[Adl =IAllal
T SIfe | Wi o TUF 1 SAMHATE AT [§9 i Hed T (visualisation)]
Pt 10.12 & & T 21

7\ s
ooy A
~ pA
3TTeRfd 10,12

SAA=— 1,99 Ad=—a S T U gfeer & formert aftmmr g & 99 2 3R g
G F feon & fouda 21 9fEet —G 9fEe G &1 HOTHE (SIUET AT U™ ) el
2 3R TH BN d+(-d) = (~a@)+a=01 &
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aﬁwmzl—}l,ﬁmgan%w i+0, Foa_ a wh v A 6§
a

1 .
IAdl=IAllal = —lal=1
lal

TG YRR Ad, a 1 oo § "k 9iw &1 fefud w3 81 89 39
&:élﬁé?mﬁfwaﬁ%
| fomquft | fopeht ot etfewt k% fAT 46=0

10.5.1 T& Gfewr &F geh (Components of a vector)

agu fogati AL, 0, 0), B(0, 1, 0) 3R C(0, 0, 1) %1 SHHT: x-378],
y-3781 TS z-378 W & 2| q9 T

IOAI=1,10Bl = 1 3R 10CI=1

w7 OA, OB sit OC FFi ¥ 7 &1 WA 1 ¥ o
FAI: OX, OY AR OZ el o Y Ak WKy hgemd ©
R 3T AN §, § el £ B fAfde R s @ (emeEfa 10.13)1

39 Tk 55 P(x, y, 2) 1 Teorfa afew op ofifsw St fo emepfa 10.14 & gorfan
T B WM el fF fag PR 9@ XOY W wiA T A @ U fag PR 3H YR
FW%WPIR 2-318 o TR gl FAfh i, Wk HER: X,y T -8 6 ST
T A ¢ SR P o fdeieR! Y qRW o ST{ER €6 9N € PP = OR = zk . T
BN Q—R>=O~S=yj3‘ﬁ'{ @:xi.sﬂwmvﬁ%’ﬁ

OP, = 0Q+QP =xi +yj
3R OP = O_P:+‘PIT’=xiA+yJA'+zl€
39 YR O % Huel P 1 fefd |i<e OP (3195 7) = xi + yj + 2k o &9 |

Bl 2
fret ot wiger &1 98 ®9 wew ®Y FHedM S| Tl x, yUd 7, 7 o ARY HEH

Fead © R xi, yj W zk wETE e & sHRw ;% AEw "eH wed™ ol
FHH-FH x, y T 7 1 GBI 52 o el Sl 2
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Z
N
R
P (x,0,2)
A i
z 7
A
Y X X
;\ o S —>Y
Q -
P,
X 3TTeRfa 10,14

ot AR 7 = xi + 3] + 2k, FT T UEUMRG THT %1 I IR T HTeh I T
T ST ThA ¢1 TH e HW ¢ R TR IS OQP, H (SMPTA 10.14)
|OP, | = \/IOQP+IQPP =/x* + ?
X T s OP P, ¥ &9 I § %
|OP | = \[IOP, P +1PPP = (% + y*) + 22
3Fd: forelt AR 7= xi+ yj+2k B AIMEINFI = |xi+ yj+zkl=x>+y +2°
% ®9 4 9 Bl 2l
afe < AW @ S b Feh T H B o, +a, j+ask R b +b, ] +byk 5 KT
T E
() @fewi a 3R bt =
G+b = (a,+b)i+(a,+b,)j+(ay +by)k o FI F I A 2
(i) @fewr a 3R b 1 R
G—b=(a,—b)i+(a,—b,) ] +(a,—byk F T T I B
(i) I W b G9H T © IR SR Hed AR
a,=b,a,=b, 3R a,=b,
(iv) Tt eifger A9 @feer g &1 oW
A = (Aa,)i + (Aay) ]+ (hay )k BT T 2
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Tfeell 1 IrThe IR fdt eifgwr @ @fgw &1 r wfwfaa w1 frefataa
faqeu-fag 9 fioear ©
T ST foF G 3R b hig < |iew § 3R kT m S Sy € qe
() kd+mi=(k+m)ya (i) k(mad)=(km)a (i) k(a+b)=kd+kb
feauit
1. 219 Uferd o Wehd € T Aok Tndll off o o foro wfew Aa &9em |fwt G &
T ¥ g T O G $R b W@ At B § A R Fad Ak i
YRR A9 ), 1 e € iR b =\a eIl AR WKy a 3R b wesh w9 ° Ky
@%,aﬂhﬁ=alf+a2}+a3l€ﬁ?gzblf+b2}+b3l€,ﬁaﬁmjﬁ'@ﬁﬁ%
g IR ohaet 4
bi+by ]+ bk = Mai +a, ] +ak)
& bi+bj+bk = ha)i+(Aay)]+Nayk
o b =\a,, by =ha,, by, =ha,
o bbb,
a, a, 4
2. A a = a1f+a2j’+a3l€ qd al,az,a3m a %W—WW%I
3. qﬁl,m,nwmaﬁﬁ%—m%ﬂa
If +mj + nk = (cos )i +(cos B)J+(cos y)lg
feu gu wfw =1 fen o ween wfew € W@l o, By Ry gu oy gu e x,
yUS 7 318 o | &AC MY HI0T
SETETUT4 x, y 3R 7 % B TG RIS @ AR G =xf +2] + 2k 3R b=27+ )+ £
TAE B
T AN T o <1 9iEe T9F B9 € AfE SR shael A Seh W4 HEeh HHH B
1a: fsu gu sy g b Wﬁﬁﬂﬁaﬁ?aﬁﬂﬂﬁx:2,y:2,z=l
SETETUT5 WA G d=i+2] R p =27+ | T |dl=Ib |8 250 A 5 3R b
T €2
el T ldl=~N1+22 =5 SR Ib =22 +1% =45
THAT |1 =|p | TR U g WiEe TAF &l € it gk W ek 91 2
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SETEYUT 6 WY G =27 +3]+k o A A WK A Hifor
I | A G e | EC s | R &=$d§mmzﬁmé|

5| |67|=\/22+32+12—J_
': 3 A 1 "
26 +37+k) =
W \/—(1"' J+ ) = \/— \/— \/—

JETET0TT7 W a=z—zjésajﬁﬂ@twaﬁﬂamﬁﬁrqﬁawwﬁqm7w§%|
71 X0 g AW @ S o e d= g =2 =i

~ A 1 Ao 24 7A 14 4
Waaﬁﬂﬂﬁ{ﬂaﬁ?7qﬁﬂmwm7az7(ﬁl—7] \/— \/—J%I
SETET0T S HREN G=27+2] -5k 3R b=2i+ j+3kh ATHA ok IRY AR
gfeer I FifS|

7ol fau gu afeet &1 Frrha

G+b=¢, W& ¢=41+3]-2k ¥
3R 11 = 42 +32 +(—2) =29
o7 s1efie A |few
1 A O T
— 4i +3j-2k) = '
@i+3j-2b= e i ok
SEET0T9 WA a =i+ ] -2k o Rep-o1u fafen oIk saeh! gemd @ -
AT HifTg|
%T’T%ZI'FIQ'aﬂﬁqﬁ'ﬂ?=xf+yj+zl€@ﬁ%—@ﬁqﬁa,b,cma?,mm

x,y, z 8 € gHfery KU gu afewi o fu eq @ € fF a=1,b=13 c=-2%
q’ﬁx’l,maﬁ'{nm@m#ﬁ?—wg’ﬂ}:

1 1 c
7 ﬁ’ 71 Jo IRl T(m F1=6)

Ql
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10.5.2 g 7%'—3’3‘# & frer arem qiesr (Vector Jjoining two points)
A& P(x,, v, z,) SR Py(x, y,,2,)q g & 7@ z
P %! P, ¥ faam oten wikw PP, ¥ (ST
10.15)1 P, 3R P, @ fag 0 ¥ faam w
S e fem w1 W W W e
OPP,¥ Td € f% OP +PP, = OP, P
e AR o TOIHET T STAN FHW YL i 0 "%
e gt e w9 @ feran s 2l X
PP, = OP, —OP,

2P2 (3,02, 25)

>

' Pl(xpyla zl)

SRIGE ﬁ:; = (x2f+y2}+zzl€)—(x1f+y1j'+zll€)
= (xz_x1)2\+()72_y1)}+(22_21)]€

wEw PP, F AT [PP| =,/(x, —x)> + (3, — ) + (5, — 7,)> F T H T

g 1

saEur0 fagstl P(2,3,0) T Q(= 1,-2, —4) & e el T PEQ &1 W k=

gfcw 7 it

Te Hife Gy PR Q& Ww fiw ?, wyed: P yrfue fig @ &iv Q sifiw fag 2,

e P 3R Q 1 faet™ arem s wfewr pQ, Freifafed &9 & 9 @i 2

PQ = (-1-2)i +(=2=3)] +(~4-0)k

areri PQ = -3/ —5j—4k

10.5.3 &g G (Section Formula)

A ST get fag O o gmer P ik Q 7 fag ® frment Q

feafs @fger OP sk 0Q ¥ f&fua fFanr T 2

fagstl Pud Q &l fHaH aren @ @e feslt dR fag

RENM 3 gHR ¥ fawfea fean s w&war 21 &f4: o

(3MeRfd 10.16) Ud =T&T (3Mhfd 10.17)1 Tl TAN

ey
IRV qa fog O % wmey fog R &1 feafa afkwr OR JEfT 10.16
I FE 21 BH <A RAfd F TH-TE weh od 7

feafa 1 W@ R, PQ &l 3fa: Tawrfaa war & (amerfa 10.16 )1 AR, PQ +i A
TR faifoid &3 € fF mRQ =n PR, Sl m 3R n ¥ 9 € f 89 e 2
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ﬁﬁgR,ﬁQaﬁm:néﬁﬂﬂqﬁﬁﬁﬁ:ﬁﬂTﬁﬁm%lWﬁl‘ﬂTrﬁORQQEfOPR“@I

RG = 03-OR =7

R PR = OR-OP=7-a

Tgfaq m(b-7) = n(F—a) (F1?)

reraT ;o mbtna (TE & W)
m+n

ad: GRS &% PeIRQ &1 m : néﬁa@mﬁm faufea shear € o1 feorfa afsr

frafa 11 w& R, PQ & sma fawrfaa wwar 2 R
(3TTeRfd 10.17 )| I8 TATA A 8H TS oh Tl
@mémﬁ@ﬁgﬁ%ﬁ%@mmaﬁm:né

O
wﬁwﬁwﬁawﬁaﬁﬁgRLi.e g_i Ej
n a
=1 feefq wfew OR_mb naéﬁmﬁm%ﬁn%l 3Mekfd 1017 P

ﬁwvﬁtrﬁ{R,PQaﬂan%@%a’rmznaﬁisﬂﬁrqﬁaﬁrlﬁ PQ & mex fag R
mﬁaﬁv&ﬂﬁﬁ=a;béﬁmﬁ%ﬁw
70T 117 f§g P eiR Q wifery foer feerfa @fest OP=3d-2b #IR O0Q=a+b

g1 w U fag R = feafa afew @ ST St Pue Q &1 fret™ arelt T Y 2:1%
U | (i) 37d: (i) e TS e 2

5l
() PR Qi e el W@ &l 2:1 % FUE o 31a: fautsd & ot f§g R

=1 fearfa wfew 2: ) )
. 2G+b)+@Bd-2b) 5d
OR = 3 BE)

(i) P 3R Qi fiei el Y@ =i 2:1 ok e o ol faoisa e arel fag R &
feufy afew =

. 2@G+b)-(3d-2b)
OR = 71

=4b—a
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Tfora

SETET0T 12 TEY, T fag A2 — j+ k), B(—3)—5k), C(3i —4j —4k) Th GHH
1t o i 2
&1 8H U € T

3R

AB = (1-2) +(=3+1)j+(-5-Dk =—i -2j -6k
BC = B-1)i+(—4+3)]+(—4+5k =2{ — j+k
CA = 2-3)i+(-1+4)j+(1+4)k =—1+3]+5k

THen Al e e T

=

wn A W N

=)

10.
11.
12.

IABI> = 41=6+35=IBCI* +ICA P

: T gen Frue ww wHeRw frage )

et 10.2]

fr=fafaa afeen & afmm w1 9fiemeq wifsa:

a=i+j+k b=21-7]-3k; sl g

3 B
T R A | fate= afke fafa)
o feen o | fafe= wfgw fafay
x @Ry F AR T@ FA @hF @ 24 +37 R A+ ) wmE
Tk WiE 1 g fag (2, 1) ® @ik et fag (-5, 7) ©1 5@ wiew & sifew
e |ieel Hew A HIfS
WA G=i—2]+k, b=-20+4]+5k IR =7 6] — 7k 1 AThet T Ko

. WE® d=1i+ ]+2k o Y Tk UER WEY A SIS
. ke pQ, o Y AEE TRY Fd HIfSC W=l g PR Q %A (1,2, 3)

#AR (4, 5, 6) =

. R gy wfewl a=20-j+2k M b=—i+j—k, & fau, @l a+b &

&SI IPER S N IS RG]
Tl 57— j+2/4 F R TF T AW T HC R i 8 gwmE T

Toiten for @fewr 27 — 3]+ 4k 3R —47+ 6] -8k T@ T
Tlee [+ 2] +3k 1 &b cosine T HIfSTQ)
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13.

14.

15.

16.
17.

18.

19.

wfeer dfismfg 365
foget A(1,2,-3) W B(-1,-2, 1) &l @™ a1t THAE B &l WE e A9
1 feF cosine F@ HIfSIT|
TiET fF WRE [+ 44 & OX, OY T OZ % T SR FoHT gaml 2
fagelf P({+2j—£) 3R Q (=i + ]+ k) ! foam arelt T =1 2:1 & 39
H (i) 31q: (i) 9, fawfaa &5 at fog R @1 feafq afse @ wifsm
T fagati P(2, 3, 4) 3R Q(4, 1, —2) %! et =ret |fe =1 #en f6g A it
<eiE & g A, B @R C, fier feoff afcer somen: G =37 -4 -4k, b =27 j+k
AR ¢=7-3]-5k T, T THE B o et w1 Fomion s €
5191 ABC (3Thfd 10.18), o forq frAferfaa & @ A @1 %ed ¥ =& 2
(A) AB+BC+CA=0 c
(B) AB+BC—AC =0 %
(©) AB+BC-CA=0 q VA
(D) AB-CB+CA =0 3R 10.18
Az @ R b < W Wi § A frAfafed § 9 F W s w8
(A) b=Aa, fordtafea A fog
(B) a=+b
(C) G 3R b % FHUNT HeH TG T B
(D) < Tfewlt g qen 5 1 fEen guE € wq wfmmn fafe= 2

10.6 =t |feom = UM% (Product of Two Vectors)

et e B WIEH o ATl U Aok o AR | S1e TRl €1 ot N SERvd
WIS o1 UMHS THE Teh SO SIoia Hiehal shi ==l 1 81 B0 W01 T ehdl @
o <1 TEmel 1 Ah T @ Bl €, ] SR 1 [UFhe Ush e Bl € W
werl w1 fefa & 0 3% < YRR @ o1 Y Hehd € AHA: &1 Wl &l fagar e
TE < ol 1 HASH| TE YRR |iEl w1 oM ot < adter @ qRenfua femen s 21
AT A UGS ST RO T SAEE B € SR |iEw [UHEe Sl oy T
ey B B1 Wil % 1 ¥ YhR o UAGEl o YR W AN, AR T
iRt & 5ok fafe=T Ty §1 30 ISR § €9 39 S YR o UG St == Sl
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10.6.1 &t ?T/%'?ﬁ' &HT AHTIT NUTT®RA [Scalar (or dot) product of two vectors]
aftTeT 2 q) YRR AR a@ 3R b sfew OREE 6 - b ge e e e
AT aG-b =ldllblcos®s w9 9 uRwfia fehan s 2| ;,

Sl 0, G 3R b, FAFAH B E I 0<O <7 (R 10.19)1 /

Ife G =0 Fa b =0, a1 0 uRwfE &t © i 5 feorfq o 0
e a-b = 0qRfE #d 2 TRt 1019
verur

1. G.b U arfas e 2l

2. AWM AT & g iR b T YER TRwW € T G-b=0 IR AR Faa A
G 3R b WOR daeq € S - b=0e alb

3. af€0=0,99 G -b=lallb]
fafered: g.a=1a P, Fitw 30 feafa & 0 =072

4. AR 0=, G-b=—lallb]
fafyrea: a-(—a)=—1al, s T 39 feafa §0, n o aUR 2

5. gg2®3$WﬁﬁmeWf,} TS k, o forg &1 9@

i
qen i ,
6. T IEW WM G 3R p o S H1 B0 0,

cosO = ﬂ'ba SREING) :cos_l( ab J‘S’WWW%I

lalb | lallb|
7. fee quERe wE fafeE © sreiq
d-b=>b-a ()
AAfayT TR & ar ﬂ%’ﬁﬂ{'ﬁ "IUT‘élﬁ (Two important properties of scalar
product)

Turerd 1 (SRR PEwE F AR R fawen ) 79 i 6, b @R ¢ d

e q@ a-(b+¢)=a-b + a-¢

Tuterd 2 AW ST g eiR b J Wi € i A ww e €,
\d)-b = Mad-b)=a-(Ab)
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afe <1 wfew o T H ajf +ay)+ak T b+ b, j+ bk, TR EY E q@ S0
Afee orwe frefatad &9 9 9 g @

Gb = (af +ay]+ak)-(bi+b,]+bk)

ai (b +byj+bik)+ay ] (bi +by ] +byk) +ask - (bi +b,]+byk)

ab G -D)+ab, (i - ) +aby(Q-k)+a,b(]-1)+ab,(j- ))+ab,(]-k)
+ aby (k1) +ab, (k - ])+ azby(k - k)

S TorEE | 3R 2 S STEN wE W)
= ab, +ab, + ab, (S&T1 5 =1 3TN FH )

9 YRR G-b = ab, + ab, + asb,

10.6.2 Tk Gy @7 Tordt @ W arT gy (Projection of a vector on a line)
M e for e wfew AB fret fee Y@ 1 (am ofifom) o @i ammed feen ° 0
IO A S (STH 10.20 W) T AB 1 [ WEY TH GRS P (AH wAr0)
@ forgent aftaTor 1AB 11 cos8| & TR fSraeht fam w61 /6t fen & TaF steran faudia e
T 91 W AR T T cos YHIGTH © STe FHUNH| 99 P ! Y89 |9 Fed ©
IR THH af | pl, Ffie @/ Ak AB % YET deeml € SSedv:

frafafead & ¥ oi® apfa 4 |y AB &1 t@n [ W waly afzw AC 2|
[3Trepfd 10.20 (1) § (iv) ]

B 1
ZK'E ) :\\9 )

A ;> C C ? A
(0°<6<90" (90°< 6< 180"
(1)) (ii)
FA;) 9 >
/ ’ AN :
B ‘B
0 0

(180'<0<270) (2700< 0< 3600)

(i) (iv)

3TTeRfd 10.20
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T
1. @ % e Ak p A 9few © @ W@ (R @R G H9ET 4.5 I
BT 2l )
2. U TR G B GRS j, W ULT G-b, o a{'%),awﬁ(aﬁ) 3
T e
3. A 0=0, a1 AB 1 Y& Gy @ AB @M SR A 0 =7 @l AB I W&
gfeer ga B
4. A e=g Frerat 9=37n @ AB 1 J&T |fw ¥ @ik shm|
feuruit qﬁa,ﬁaﬁ'{yqﬁ'ﬂ é=a1f+a2}+a3l€ éﬁﬁﬁﬁ—aﬁm%?ﬁsﬂaﬁﬁ@—ﬁw
freferfea &9 § W 1 S Wbl 2l

ai a a
coso = =—L, cosB= 3

a
— = =—2_ and cosy=—-
lallil lal lal lal

Tg it &AM T R G 1cosa, ldlcos 3R dlcosy FAA: OX, OY a1 OZ
sHfEw g % &0 € stoiq W g % SRW UeF a, q, IR o, FH: x,y, @ 7 74
o ST 5 o W& T 3k AR AME 5 Toh Wk WGW & 79 THh! fEep-hremed

! TeE 9

d =cosou +cosfj + cosyk

¥ ®9 § e fa <1 Wkl 2

TETETOT 13 J WiES @ SR b & ufemrr wEen: 1 8k 2 § qen d-b=1, 7 Ofken &
Eicicakcauis cRCAIE

T e gen § a-b=11dl=13RIb1=2. s

0=cos™ fl'ba =cos™' (ljzz
lallbl 2) 3
TETETOT 14 WY d={+ j—kTMb=i-j+k o = F HU I HIC

ToT q GieEN g 3R b o &= w1 &9 0 T gN UET ©

cosO = cj'ba 9 9 Bl 2
lallb|

Rationalised 2023-24



afewr o 369

o ib=@G(+]-k-(-j+k)=1-1-1=—1
W%ﬂﬁ%ﬁ cosG:—

37q: Sl FHo = COS_I(—%) 2

AT 15 AR a=5i — j-3k W b=1i+3]-5k,q zwEw fF WRw a+b IR
G —b wead

T Waﬁﬁ%ﬁﬁwmmﬁﬁ%wﬁmmwwél
Rt i+b = (51—j— 3k)+(l+3] 5k) 6l +2)— -8k

R G—b = (5i—]-3k)—(i+3]-5k)=4i -4} +2k

Bl (G+D)-G—b) = (61 +2]—8k)- (4 —4]+2k)=24-8-16=0
I: +b R G—b dAdeq alkw €

SEETUT 16 W G =27 +3]+2k I, WA p={ +2]+k W Y&d 1 it
Tl afeer g &1 afeer ;W ey

é(a 5 — ! 2.1+3.2+42.1) =22 5\/_ 3
| ~Jar @ ) Vo

SETETUT 17 A q AR 53R b 39 UEN © 6 |G1=2, 151=3 3N a-b=4 G5 |
A Hifeg|

a
a

T B9 U € TR
@-5f=<a ) (d - B
= Gd—ab-b-a+b-b
= 1al-2@G-b)+bP
= (2 -24)+3)’
Thfe la—-bl= 45

IEETOT 183K G W " Wiew § 3N (¥—a)-(F+a)=8,d | ¥IF@ Hifsu)
Tl iR G Tk U 969 €, TE ai=1. 9% ff fea gen @

(Xx—d)-(X+ad) =8

Frere X-X+Xd—d-Xx—d-a=
g X1 -1 =8 Fia_|x*=9
TafaT | %1 = 3 (sFiifen Wige o1 qimr wee Y= e )
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SEEIOT 19 < WRW g #R b, % faw ®wed 1a-bI<ldllb| (Cauchy-Schwartz
TR |

o & g% STl Wesl ®Y W TR ¥ AR =0 A b =0.9%qd ¥ @ feufa o
TH UM B 6 1G-b1=0=IG11b|.SHT TH Head & ¢ 1% |dl=0=1b| 99 &5

- /g C
lG-bl 7 x
—_— = < e
i) = lcosBls1 fiyetar 21 4
A = B

a
3TTeRTd 10.21
SEETUT20 & W g qen b o fO€ WA |G +b1<Idl+1b | (e-emfie)

7ol & g2 erafhent, I feafadi =0 =0 § Fesl ®Y ¥ W 7 (T 7)1 s@fAT
uH ofifsw R a1 0=1b | e
lG+b1> = (G+b)*=(G+Db)-(G+b)

—d-d+ab+b-d+b-b

=Gl +2ad-b+1b P (3t e % Tt @)
<lalP+21a-bl+1bP (FifF  x<lx|VxeR)
<laP+21albl+1bl (3T 19 ¥)
= (al+1b1)?

31 la+bI<lal+1b|

| Tt | i foeger-srafeem & wfeem Srom € & (ST SR 20 #) S

ld+bl= lal+lb|, a4

IAC| = |ABI+IBC|
fag A, B @R C W@ <wifan 21

SETETUT 21 U T T8 A (<20 +3}+5k), B(+2]+3F) 3R C(7i —k) 9@ 2
&1 BH UW & e
AB = (1+2)i +(2-3)j+(3-5)k=3{ - j -2k
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BC = (7-1i+0-2)j+(-1-3)k=6{ -2] -4k
AC = (T+2)i +(0-3)]+(-1-5)k =9 -3] -6k
| AB| =14, ‘B‘é‘z%/ﬁ R |ACI=314

zgfere |AC| = 1AB1+1BC!
aa: fag A, B 3R C W@ 2

I 21 T A ARTC 75 AB + BC+ CA = 0 T TRt oft g A,
B @I C frqst o wiiel &1 fmfor & s €1

n A W N

et 10.3]

T wfewl g qen b o GRE HE: 3 UG 2 ® SR G-b=+6 A aqmb
o o= T HIIT A1d hITST|

afeeil §—27+3k 3R 37 -2+ k% &= H HO [ HIS

afew 4 W wREW f} W 9A 99 F

WA [ 437+ 7k 1, W 77 - §+ 8 R W&l FA it

=vrizn i fau gu frefafea dF afel § @ To% oee 96w §,

%(2? +3]+6k), %(3? —6]+2k), %(6? +27-3k)

7% off Toier fF ¥ Afew WER TF W & Faed

A (G+b)-(G—b)=83R1dl1=8Ib| T T Ial W& |b| T Fifw

(3G —5b) - (2d +7b) 1 HA @ AT

< |feel @ 3R b % ARE [ I, 9K TR TR E # $R 3 % e

T B0 60° 7 AT TR A [UFAHS %%I

. gf€ T A |iew 4, o fau (F-ad)-(X+a)=12 g @ X [ SIS
10.

A a=20+2]j+3k, b=—i+2j+k SN ¢=3{+] WIEREF a+\b, ¢
T od ©, d A HT HE A SIS
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11.

Tfora

Tulizn o < YRR Gl g ok b & M G 1b+1b1a, 1dlb—I1bla ™ @ 2l

12. A€ G-a=0 3R &G-b=0,d G p o a) | o1 okt FHepren ST Fehal 22

13. af% d,b,¢ uerk ARA A YRR G4b+c=0N a-b+b-c+¢-aH HA
A S|

14. A€ =0 a1/ b =0, 99 a-b=0 R o™ & T e AvaTH Tl 2l
T 3TV G A IW &I gie Fifsu)

15. 4% feedt fqst ABC o 3fid A, B, C w9 (1,2, 3), (<1, 0,0),(0,1,2) 8 @
ZABC ¥ #IfSUl [ZABC, @fselil BA Us BC o o9 &1 10 2]

16. =¥z fo fag A(1, 2,7), B(2, 6, 3) 3R C(3, 10, -1) @@ 2|

17. =wmEw fF wfew 20— j+k, i —3] -5k 3R 30 4] -4k v Fwewon o9 F
3ol T oA e 2

18. A% IR TRWT G 1 GRAT “¢° © 3R A Teh IR A9 ® Al Ag Uk 6o
afewr € A
(A) L=1 B) A=—1 (C) a=IAl (D) a=1/Al

10.6.3 3 @leon’ w1 @lesr TUTT®R T [Vector (or cross) product of two vectors]

e8] 10.2 H g f-farite gfeomed sweifre fdens usfa @t ==l #1 ot T
Ugfa & eI x-3787 1 ATHTEd S[ATHT YT y-3181 T AN ST © dl e
z-31e1 = foen o ek sferonerd! (W) ¥ ST B S € [STeRa 10.22(1)] 1

Teh SruTerd] eeeh ggfd § STa <10 21 i STl hi eFTcHeh x-3787 ki feem

T QY ATF -3 HT T At Rl STl & @ ST o Iceh 2-3787 1 3R Tehd il
[T 10.22 (ii)] B

V4
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TR 3 YRR W G A b, 1 WG PEEA axb ¥,
e fopan Sl @ @R Gxp = lallbIsin® A o &9 o qfiwfia !
fopen ST € el 0, G 3R b ok &= 1 R0 ® SR 0<O<7 B |
Tel /i Uk A wfew & W fF Wfew G oiRp, A W e g1 h
T YRR G, b qem 4 U <feonedt ugfa @l fAffd e ® Vaa@ﬁmo.zs
(STeRfd 10.23) AU IFIOMad! 9Gfd &l G ¥ b HI TE FAM W TG 7 T o0 |
<ot 8

A G =0 @@ b =0, dd 0 uftefia 78} & o) 39 feufd § 89 axb =0 gfwfia
F 2l
ﬁ&-‘I'UT:
1. axb ww iy 2|
2. WM WY a ¥R b A YRR WEw § @ axb=0 AR R haw AR

@ ¥R b TH T o GHI (U W@) ¥ i

axb =0<dllb
fafdmed: axa=0 IR gx(—a)=0, Fifw o feafa & 0 = 0 qen fgda
feafa & 0 = n, f5rE@ S € feafeal & sin 0 1 7 7= & S R

3, aﬁ;ezﬁ?ﬁ axb=allb
4, ﬁrmzaﬁméﬁmﬁﬁwmmﬂﬁ?ﬁz j R ko
forw (smepfa 1024)%1?111’&%%

AAAAA

iX]=k, JXk=1, kxi=

5. WY VAT &I T 9 < 9@ a a9 b éﬁaﬁamw 341'@"!%!10.24
o Frefafed &9 § e 2l @

laxb |
lGllb |

6. 7€ Tal U § T Wieyl okt s Tt e g © it axb = —bxa
aqa | axb =lallb|sin0A, 5@ G, b 3R 7 T FOTed wsfa i A w

sin@ =
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Tfora

€ Ul 0, G Uy B WH wHF HH el Bl MR 10.25(i) Sefen
bxa=allblsin®a,, & b, a @R 4 TH eomed wsfa w s F@ @
HATY 0,5 ¥ G 1 3R Tha HH BT € 3ehid 10.25(i) |

n

(i) 3TTeRTd 10.25 (i)
S AR T T AR R 2 R AR S A FTE F A £ A 4 IR A
Tl AT & qd R e B W 4 BT W F T W [ € IR 7 A
9 = & Ww = e e A4 = -
T TR axb = 1allb1sin®h
= —1Gllb1sinOp, =—bxa
U1 4 3T 6 & g H
ixi=—k, kxj=-ieiRixk=—]%

afx a3 b e # ga el FI et wwd € @ IS e

%Idxl;la;zaqﬁgmgﬁm%| c

e o ehet Y IR % 3R §9 SF 10.26 7%\
G

@qﬁ%%ﬁaﬁABC‘cﬂ%ﬂW=%AB-CD, A D P B

3TTeRTd 10.26

W AB=Ib| (53 531 ?) 3R CD = 1 sind
3q: s ABC &1 &%d =%Il§|lé|sin9 =%I&><I;I

I G 3R b FHA TGS F1 Fer TN F ST FW ¢ q T TGS
AT |Gxp| o I F Y Bl 2
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Aepfa 1027 9@ B9 U € fF @@
FqHs1 ABCD &1 &5%d = AB. DE.

W AB=1b1 (fgar gamm 2), #ix

DE=ldlsin® 31q:
AR FIqHs ABCD &1 &5%d =
3TTeRTd 10.27

Iblldlsin® =ldxbl

e gH WKW [UAES o < Hewqul N 1 e wi|

ToTerd G OEEwE T ATRA R oo fEm (Distributivity of vector product
over addition) af% g, p 3R ¢ I afkw € R A T afgw & @

() ax(b+¢) = axb+axc

(i) A@xb) = (Ad)xb=ax(Ab)
T S e G ol b Wed ®U W BEA: qf +a,) +ask S b7+ b, bk

i

k

fau g ? 99 SR U PWARH Gxj = |@, a, a;| FN A S Hewa 2
bl b2 b3

ST 89 I ©
axb = (ai +a,] +ak)x(bi +b,] +bsk)
= ayb (I xD) + apb, (i X )+ ayb, (i X k) + a,b, (jx1)
+ a,b, (JX ) +aby(jxk)
+ ash (kx 1)+ ayb, (kX)) + asby(kx k) (e 1 9)
= ab, (i x ) —ayb,(kx1) = a,b, (i x J)

+ ayby(Jxk)+ab, (kxi)—azb,(]xk)
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(FR Ixi=jxj=kxk=08R ixk=—kxi, jxi=—ixjeWRkxj=—]xk)
= albzlg —ab,] - azbllg +a,byi +azb, ] — ab,i
(FH (xj=k, jxk=1 3 kxi=]
= (a,b, —azh,)i —(a,b, —azb,) ]+ (a,b, — a,b, )k
ik
=la, a, a
b b, b

SEEIUT 22 AT G=2i+ j+3k IR b=3i+5]-2k,q laxb| T HIf

ol Tl
ik
axg = 2 1 3
35 -2
= {(2-15)=(=4-9)j+ (10~ 3)k =—17f +13} + 7k
a7 ‘6x5‘ = (=17 +(13)> +(7)? =/507

SETET0T 23 GRW (d+b) 3R (G-b) W ¥ A% oh weaq HAGH GG
FIC S&T G=i+j+k b=i+2]+3k

TATH U E T aG+b=20+3]+4k R a—-b=—;-2k

T AW, S a+b ARG —b W R &9 ¢, FEfafed gu wEw €

ik
(G+b)x(d—-b) =2 3 4|=-21+4j-2k (=¢, HAHIMT)
0 -1 -2
SE| I¢1 = Ja+16+4=+24=2J6
d: e A |iew
¢ 1. 2. 14
< _ 25 Ly
217 6 6 Ve
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forelt et R ) i foemd 2R 1 8 G 4+b SR G —b R SO v
1~ 24

HHeh Giegl ﬁl—ﬁ]

+%I€ B WG FE (G —b)x(d+b) F TH RO T

IETET0T 24 T TS 1 &9%a A sifee foges 3 f§g AL, 1, 1), B(1,2,3)
I C2,3, 1) 2l

Tl ¥ U ? R AB=j+2k @R AC=i+2j. fRu gu s #1 &uwa
1

—1ABXACI &

2
ik

I ABXAC = [0 1 2[=—4i+2j-k
1 20

oo |ABXAC| = \[16+4+1=+/21

31 a1 SEda %«/ﬁ%l

SETETUT 25 39 WA TGS 1 AAhE I HISC R T 0 G =37+ + 4k
R p=i—j+k 50 & T T

Tor fordt TR wqds 1 o et G @ik b € df SR &FAFA |Gxb | 5N
T g R

~.>

=50+ -4k

INY
X
S
Il
—_— W o
—
s~ =

Tgfa laxb| = 25+1+16 =/42

T YHR AEYIH G \[4) B
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11.

12.

[wgeraett 10.4|
A G=i-7]+7k AR b =31 —2]+2kd 1axb | HIST

. TRW G+b IR G—b F A TEEN § UEE TR TG B TR G =37+ 2]+ 2k

IR p=7+2]-2k B

. Ak TF TEe 9k a,fégmag,jéﬁmu%aﬁtééama@:@ﬁme

A 2 A O T WA A I SR SHH] GEEdl 9 G o "eHh ff [ Hifeu)

. <9isU TR (G—b)x(d+b) = 2(dxb)

) SR T AR, AR (26 +6]+274)x (7 + 4 + k) =0

. g @ a-b=0 3 axph=0.9R% G I b & IR § g F Frepd

Tl T 27

. T G A G, b, ¢ TN @i +ay ) +ak, bi+by]+bik, ¢f +c,]+ck

wq ¥ G g ¥ 9 qwizy i dx(b+C)=dxb+dxc

L AR a=031ab =0 g9 axb =0 31 2| T foaim 9 87 37 afed o

T 1 gfe Fifi

. W T 1 asrhel T shitse e 3 A(1, 1,2), B(2,3,5) 3R C(1, 5, 5) B
10.

Tk THIAR SIS T &Thel T SIS TSTEeht el ol Wiee =1 — j +3k 3R
b =20 -7]+k grn fuifa 2

M ofee Tfew G 9k b =9 TR & R |a|=33ﬁ1|5|=g,aa axb TH
o A9 & A G 3R b o &g & FI

(A) /6 (B) /4 (C) ©/3 (D) /2

T A o 3 A, B, C 3R D fwer frafq gfesr wwwr:

BAETAREES AL i—%j+4k ﬁ'{—i—%j+4k,%3m GEEIiE
1

(A) > B) 1

© 2 (D) 4
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fafaer 3qrgvor
IEEI0T 26 XY-9a § 9t A Ay fafau)

Tl WA WG 7R F=xi+y), XY-Ae § TH HE WEw @ (Sepd 10.28)1 @4
T o STHR B UM € foh x=cos 0 3R y = sin 6 (i |7l = 1). 3@ 89 @k
ol

7(=OP) = cos6i +sin6; (D)

& w9 o for@ whd €
T 171 = {cos? 0 +sin?0 =1
Y
N

N P(cos0, sin0)

% —
N A OP’ = cosO7
o 1Y AN Y
P >X P'P=sin0J

A4

YI
3TTeRTd 10.28

SH-S[E 0, 0 W 2, % UREfda gl 8 fag P (3mepfa 10.28) A fawn ® o4
X2+ y?= 1 o1 SF@U Rl € IR g gl Henfera feemd wftmfera € e@: (1) 9 XY-
1 | Yo | |iGYl U el @

SaEtr 27 AR fage A, B, C 3R D, o fefa wfgwr www: {+ j+k, 20 +57,
3 +2]-3k sk 7 -6} -k ¥, W @si AB TN CD o << 1 101 T1d FHiforQ
A ifST &R AB @R CD W@ 2l

Ter e FT fF A 0, AB iR CD, & &= %1 101 £ @ 0, AB 3R CD & < 31
off o 2

3/ AB = B feafq |few — A1 fefa @few
= Q45 -G+ j+hk)=i+4]—k
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EIIY |ABI = \J(1)2 + (4)> +(-1)? =32
Tt TFR CD =—2i -8+ 2k IRICD =62

) AB.CD
i €OS¥ = | ABIICDI

1(=2) +4(=8) + (-1)(2) _-36

T G2 36

Hifeh 0 <0 < 7, THH W eIl & T 0 =7 7Te <wiian € foF AB @M CD U g
& W4 T

=1

fereheua: Kﬁ:—%éﬁ,w@wmﬁgﬁ R cp W@ w2

SETETUT 28 WM WY G, b IR ¢ diF UEw 3@ WAR € T 1G1=3,1b=4,1¢=5
IR = 9 T, I 3 Wiewl % AMEA W daed € A, |G+b+¢| T4 B

T Mg TE G-b+6)=0,b-C+a)=0, ¢-(G+b)=0
C| lG+b+clP = (@+b+3)-(@+b+7)
—d-d+ad-(b+3)+b-b+b-(G+7)
+ C(@+b)+¢cc
=1aP+blP+1¢P
=9+ 16+25=50
FHfeTy la+b+¢1=/50=52
SETETUT 29 dF WY d,b RE wREM G4b+c=0 F HIE F@ T AR
lGl=3, 1bl=4 AR IGl=2 MU u=aG-b+b-¢+¢-aG H AF A HITQ|
T iR G+b+¢=0,3afT 70 U €

i-(a+b+¢) =0

7T G-G+d-b+ad-¢ =0
zgfeT a-b+aé=-laf’=-9 (D)
q: b-(Gd+b+¢) =0
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=-16 .. (2)
.. (3)

370 d-I;+I;-E:—|I;

Q
A
+
@‘
&
I

4;

%{1?[) (2)aﬁ1(3)aﬁsﬁ3ﬁm‘sﬂqﬁ%
2(a- -b+b-¢+a- ¢) =-29
29
2
SETET0T 30 AR TWER TAaaq A5 qiewl §, j @R £, & faomed! qsfa o @
0=30 -], p=2i+]-3k. T B f=p, +B, F T H stfverm Fifa =T B,
0% TR € SR B,, 6 o oeed B
T W S B, = A6, A TH SR T St B, =3A7 -

a 2u=-29,ie.,u=

3 B,=PB-B, = 2-30i+1+N)j -3k
FiifH B,, & W e & TWT §.B, =0
arefiq 32=30)—(1+A) =
SIREN 7»=l
2
SO PYIP PN PO P
Zafay Bi=51-7 AR B2—21+2] 3k

eI 10 U¥ fafaer gonaeit

1. XY-G H, x-37& &1 YA {90 oh |1ef ammEd f<en | 30° 1 0 S el
s wike fafem)

2. &g P(x,y,2) 3RQx, y, z,) HI fHeTH a1t WfRw & I Heh iR qim
ATd |

3. U Al ufvem RKem H 4 km word ¥1 U qvE g€ SW 9 30° ufveH i
faen & 3 km wewdt @ 3R &k S &1 TEAH & YRR f6g 9 orgeh! o fagen
1 hifSTul

4. AT G=b+¢, 79 TN T GA S TF 1al=1b1+1¢1? 3 IW HI e Hifw)

5. x %1 98 HH A HINC 596 AU 17+ j+4) T @@ A 2

6. WM G=2+3j—k 3R b=i—2]+k o TROTH o FHR TH TH HiE
T HIfST FEert 9REmT 5 3 B
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10.

11.

12.

13.

14.

15.

Tfora

AR G=i+j+k, b=2i-j+3k X ¢=i-2j+k,AA 24— b+3¢F

HHI Tk qEeh |G Fd hifsul

. <uiiey fop fag A(1,-2,-8), B(5,0,-2) 3R C(11,3,7)®@ ¢ 3R B g™ AC

%l faIfa & are STg9[ 6 St

. A RS P (26 +b) 3R QG — 3b) I THAM aTeh W@ i 1:2 % STIIE H ama

fawifom o a6 g R 1 feof |few 9 I 7w o wwien R g P
@rEE RQ #1 ¥ fag 21

T THR TGS BT Tl G 27 — 45 + 5k R [ -2 -3k € Tk fawvi
AR Teh O ARG A HITT| SHHT &% o A wifsg)

TEMEY foh OX, OY Wa OZ & oh e R Foh gL Wie¥ Hi fSeh-ohame

T AT G =7 +4]+2k, b=31-2]+7k 3R ¢=27 - j+4k. T T G
d T FC S G @R b I Wedd € AR G-d =15

Tl {4 j+ £ F, TRE 27 447 -5k IR AT +2]+3k o ATEA HY fem
e |G o WY A [UATS | o UK € A ) 1 i T Iy
I G, b, ¢ THM URATN aTel WER weed Ayl & df <9isy 5 |fest G +5 +¢
TSl 4, b o ¢ % WY SEL e g B

fas FIT % (G +b)-(@+b)=lal +16 12, & R o A G, b @oaq
I fea g3 @ 76 420,620

169 19T o T9 § T&l W 1 I99 Hifeg)

16.

17.

s g Afwl g iR b % 9 F HOT A g.5 >0 TN AR:

(A) 0<6<§ (B) osesg

(C) 0<b<m (D) 0£6<Tm
M ifST @ SR b 3 e |iEy § 3R 39 9" H R 0T A a+b TH
e |y © Al

T T T 21
(A) 2 (B) 3 © 5 (D) 3
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18. 1.(xb)+ j(xk)+k(@x)) ® am ©
(A) 0 (B) -1 ©) 1 (D) 3
19. afz 3 Gfkel g iR H o o= &1 F OF @ (5.5 |=ldxb | & 0T T

A) 0 B T C x D
(A) ()4 ()2 (D) m
qrTIT
¢ TF fag P(x, y, 7) 1 Tearfa @fger O—P(zF)=xf+y}'+zlg ? @R ufRmm

\lxz+yz+z2 %I
¢ T 9w o Ay U2 Hh fEeh-Tud HEAM € SR HHNA el o W
THeh Y& i Tl wd B
¢ TH I & Wﬁ'qTUT(r),f?’EE—STi[qTH a,b,cevﬁ'{ ﬁ@—aﬁmﬁ (I, m, n)
frefafea w9 § Hefuq &:
a b c

l=—, m=—, n=—
r r r

o T &Y A qeneti i wE H o R S Gfw A 0@

¢ < We-anfen wiew w1 A UH W Gl =qys o faeml § W e @
fsre! werm ol KU gu wfew <

¢ T TR &1 AW A Y T0H 38 qREm w1 A U § uRafdd R I

? 3R AT HH FIcHF SIEl BN BH o T{ER $Uh! X9 &1 T
stor foeia T R

¢ feu gu =fgw 5 & fau afgw &=i, G feon o T g 2

lal
o foget Pk Q forer feafa afewr wuer: g aivp ®, 1 e ol W@ =
m: 0 ST H P S A R R Rl afw () P g,

m+n

mb —nad

fadH T (i) e fa™H W, % ®9 § 9 gl 2

m-—n
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o TR G 3R b S e 1RO O 7 A SR AR ABA G.b =14 llb | cosd
o ¥ H 9 g1 21 AR .5 G g & @ wieE g iRy & A= RO

i b
1Gllb | AR

o I < W G3iRpH o o= HT B0 OB A SHRT WY TR
axb=1dllb|sin@Ach €9 H U BN | &l 7 Teh @1 A= AW & S
43R b Gl wE ol 9 o ofSed © 9¥l g, b 3R A et
Taaifores frdene ggfa #1 fffa w2

¢ TR a=a1f+a2}+a3l€ qa«n I;=b1f+b2j'+b3l€ IR ), TH AW T @

‘9’, cosO =

i+b = (a1+b1)f+(a2 +b2)j+(a3+b3)l€
Ad = (a)i +(Aay) ]+ (hayk

ab = ab, +a,b, +azb,

banlY

J
ﬁ'{ Eixl; = al bl cl
a, b,

dfvETraE gEYy

TS Y18 o1 A= eifesl ATl o Teh Y18 oo (vectus) § g3 € fSren
a1ef ¥ T& wEN ey |few fagia o yoiia faem w6 fafy =1 1800 %
AU WA S €, @ Caspar Wessel (1745-1818 €.) 3R Jean Robert
Argand (1768-1822%.) % 30 d &1 avi4 foan foh e fdenss qo1 o et fose
EEE i Geddl ¥ Uh G GE&Al g + ib 1 SAdE o1 frewe &9 faan
S Fehel 2 T TR fTae, William Rowen Hamilton (1805-1865%.) % 370+t
q&ih, "Lectures on Quaternions" (1853 2) T fgw t@rEe & fau 9feer s &1
TN F99 Ugel fohA ol SqeA™l (quaternians) [F® Fv=a st faw @

e X 8L a+bi+cj+dk, i, j k % ®Y o6 WX oo SEAA
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T=ad) o e fafy afe 1 H-fadia sfafer & qon %27 =1 goe #1 w
7 o1 qefi &9 Ief 9 91d 1 foeh 31avy w0 T |feer #1 Yoo 31X 37
AMTHS 1 fo=R 9ga- Al 98t ¥ Plato (384-322 341 I9) o T o4 Wa AN
Tfifer @IR A=k Aristotle (427-348 81 Ud) & il @ & o1l SH 99F T
&I i Seq off T 3 te@n sifes ol &t 9ga fshan 3l THIR Jq4s
o FEEHER a1 % | WS 1 ST Gehdl €1 Sl o garsT 1 9e fam,
il 1 IR FiEe 9 | foha ST Hehal €, %1 @S Sterin Simon(1548-16208.) §RT
Taaq 9al i fEfd § &1 M| T 1586 H I I AGEH, "DeBeghinselen
der Weeghconst" (S5 &% i hell o fggid) | 9l o AT o SHAMHAT
fagia =1 fawerwor foran eon fS9eh SR AT o6 fas™ H T &7 IRadd gl
TR 39 a5 ot Giew 1 AUH Heheu 1 & FAHor H 200 I @R MY

T 1880 H UHh oI wifdeh WS wH MU Josaih Willard Gibbs
(1839-1903 %) 3R T SIS (9%l Oliver Heaviside (1850-1925 ) 3 TH
Tt o arfas (2RI WM HY wieuw (AKE) I W YU Hd g AW
faeaiwor o1 gor feman em & 1881 2R 1884 H Gibbs 3 "Entitled Element of
Vector Analysis" - TTH% Teh Q‘ﬁ‘q{{ﬁ?ﬁl BUATE| 39 Wﬁmﬁ Teh shidsG
T wfw foeror fean gan o ety |iken o STIuArT i %90 3 &l Hifd
D. Heaviside 3R P.G. Tait (1831-1901 ) 1 i ¢ fSrei 3 fowa o fore @nefs
I feam 2

J

> —
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12082CH1

far-fasdita warfufa

(Three Dimensional Geometry)

**The moving power of mathematical invention is not
reasoning but imagination. - ADEMORGAN %

11.1 95T (Introduction)

FHel XIH, Svaiftes sAfHfd o1 15999 i 999 fg-fara
ﬁ?ﬁ—ﬁﬂﬁﬁﬁéﬁ%ﬁ%ﬂﬁ@qﬁww

o deniora o1 f-fota snfafa § Swem &3 fH-fadia
sfafa o 58 SUNH 1 SERvA © T I8 3@ stead i
Fd T T Aol (Gaed) A1 < g

T A o g9 I feged
feen-sn 9 fEep-31a@ &1 &
feerfemti o sfafer o Twnet iR qolf
Y Tl T TH @ IR TE q@ Gl
foromactts Y@et & o =Ead 30 g '
@@%Wﬁﬁmmﬁlmmﬁ@ Leonhard Euler
AferepTsr GROTHT i WiEe o &9 W Hid ¢ 9y g (1707-1783)
TR AT &Y H ot SaR w4 S e o feefa o1 oy safada iR faverones
ersToT Jeqa X HeR |
11.2 3@ ﬁiﬁ—aﬁ'{?@? 3R f&er-31quta (Direction Cosines and Direction
Ratios of a Line)
AR 10 |, TR0 I, foh 7o f6g & ToRA areft |iEer W L R x, y 3R z-aved
o T HAI o, B 3R y ST TT 107 FEeh-h 101 HE & Ta T HI0N T hIHET AHG:
cosa., cosf 3R cosy ¥@1 L o feer-=hEEA (direction cosines or dc's ) hgadr F

*  For various activities in three dimensional geometry, one may refer to the Book
“A Hand Book for designing Mathematics Laboratory in Schools”, NCERT, 2005
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ot 5 L from i 9 3% ¥ G -, S TR § e o, 1B R
Ty H %A WA 71 39 YR, fEh-HEd o fog 95 9 g

7
A
f£-~~"~"~""===""9 AL
. P :
CEEE BRI '
2 :
r 1
Y |
p N
“/o g Y
X
X
TRt 1.1

e S, sfafer 9 <) T Y@ o | faudia fewne o wer wehd € SR Efae shen
fep-hiamEd o < 9qe ¥ zEfae falter § 9@ Y@ & fau K- & afgda
g o fau, 39 90 @1 & T 9k W@ o =feul 9 sifgdia fesp-wieme @i
l,mﬁn%ﬁﬁﬁ@ﬁlﬁ%l
feoguit stafter o <t ¢ W Ak got fog @ 7 oRet @ @ Uk fak-hiaEA w1 T
F o fau, 50 0o fog 9 § T W o 9| T @ died ) o gt fag 9 e
T U qfew W1 o fEeh-Srua T i € e g st & K-l o
T M () F9 T

T @ o Qp-HhEE o Fagad Sensti i W@ & -39 (direction
ratiosordr’s)aﬁﬁ %I qﬁ@i@%ﬁﬁﬁ—aﬁ'ﬂﬁ:{ Lmnd ﬁ@"—\’vﬁ{% a,b,cﬁﬂﬁl
WWKG R @ a =M, b=Am 3R ¢ =\n

T T - frp-wem f wEd ¥
M AT Tk @ ok &k~ a, b, ¢ 3R @1 H Rep-FEEA [, m, n 2 qE
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BRI [ =ak, m= bk, n=ck .. (1)
RG] P+m*+n*=1
sHfeTy B@+b+cH)=1
0 k +;
- «/az+bz+c2
3@ (1) 9, @ & Rep-FEEd (de’s)
=+ a b _ c

+ m=+ R . —
\/az+bz+c2 " \/az+bz+c2 " «/az+bz+c2

frdt Y@ & fau afg W@ & K- w99 a, b, ¢ ®, A ka, kb, ke; k# 0 o
feep- ST &1 U T | THT U ¥ & feh- STl & 3 e off S g
a1 et wh W@ & feh-orumdl & o9Ed Te e

11.2.1 & )%’g’a—ff &I firer aret 3@ @t 7%3_3‘—&"??-773’? (Direction cosines of a line
passing through two points)
Fiifs @ fu fgel @ B9 S Al Y e B 1 Twf 9 fu o g
P(x, v, z) AR Q(x,, ¥, zz)@ ‘\Fl'{ﬁ et @ w ﬁﬁﬁ—aﬁw & 9 TR 9 7
F Fhd (3P 11.3 ()|
ﬂﬁ?ﬁﬁl@ﬁi@PQaﬁﬁBE—TﬁWl,m,n%ﬁ?%x,yﬁ?z-ﬂ%%@ﬂw
HAI: q, P, YR 2
oM ST P et Q § ofd wifau st XY-aa &1 Rl S fyerd 21 PH T
I oa Gifau s QS &l N W fHerar 81 31d "HehIv1 519 PNQ #, ZPQN =y
(3Tepfd 11.2 (b)) @feT

Z V4
N N
Q
PN \MQ
P N
IY > Y
I) 0
R S
X (a) X (b)

3TTeRT 11.2
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NQ _ z,—z
cosy=—=
"ZPQ T PQ
X =X R _ YN
EEJLS cosol = ——— cosp=——
S'Fﬁ PQ P PQ

ama: fagafl P(x, y,,z,) T Q(x,, y,, z,) I S a1l @r@e PQ Tk fsh-whiam

X=X YYo= N Z2T% ¥
PQ ° PQ ~ PQ

&

S8l PQ = \/(xz_x1)2+(}’2_Y1)2+(Z2_Z1)2

feoqut fagatl P(x,,y,, z,) T Q(x,, y,, z,) I g Al War@s & fep-argaa f=
THR ¥ U 51 " €

X=X Y= Vp 5= Zp A X=X, Y, = V5, 5= %,

SETETUT | A% Uk ¥ x, y AN z-3981 1 HAIceh Ta9M o W19 ShAeT: 90°, 60° q2m 30°

T IV AT 2 A fIp-hIHET F1q BT

W HH Ei éq i@Taﬁﬁ‘_’E—W l,m,n%l qad l=COS9OO=O’mzcos60°= %’
V3

n=cos 30°= —

SETET0T2 AR T @1 ok fKF-31ud 2, -1, -2 ® A sTh! fEp-HhiamE Fa Hife)
Tl faep-whransd frete €
2 -1 -2
\/22 +(=1)*+(=2)* "’ \/22 + (=% + (2% \/22 +(-1)" +(-2)?

2 -1 =2
i ERENE)
SaTETor 3 J faget (- 2,4,-5) 3R (1,2, 3) F fHam awel W@ #t fKh-HEEd 7
i
T BW WA § R & fgE P(x, v, z) RQx,, v, z,) Fi A @t T
[ECEEIRIER|

xz_x1’)’z_)’1’zz_z1

PQ ° PQ  PQ
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&, st PQ = \/(xz —x) 2+ (=) +(z - 2)
T&T P 3R Q HH: (—2,4,-5) 3R (1,2,3) Tl
e PQ= \(1-(-2)+(2-4 +(3-(-5) = 77
Tafere < fagelt 1 frem) AT Yan # fep-wrE
3 2 3
11 T T

SETETUT4 X, y 3N z-31ef 1 fEp-hiamEa @ Hifery)

Tl -8 B x, y AN 238 o TG 0°, 90° 3T 90° oF HIU1 I B| THAY x-378
1 f&eh-hMET cos 0°, cos 90°, cos 90° 1¢ifd 1,0,0 B

THl YR y-3787 MR z-3187 T fRep-shAET %A 0, 1,0 3R 0,0, 1 2l
SETET0T 5 g9IEy R fag A (2,3,-4), B (1,-2,3) 3R C (3, 8,— 11) ®@ &

T A SR B! faam ot W o faep- s
1-2,-2-3,3+4 e - 1,-5,7 2

B 31k C =i e areft Y@ & fip-emum 3 -1, 8 + 2, — 11 - 3, 31fq, 2, 10, — 14 B

T € foh AB 3R BC o fXeh-21dd SaMurdt €1 3fd: AB iR BC ¥°Id 8] W
AB 3R BC 341 ® B s9affss 21 em@: A, B, 3R C @@ fog ?|

[wwaraett 11.1]
1. i€ Tk W@ x, y 3R 2-3787 o H19 HAW: 90°, 135°, 45° o 01 &[T € o THeh!
feep—=h1ETEa A1 iUl
Toh W@l i feeh-shire o it St el o @Yl WHE i S 2
Ifg T W & fGF-3ad —18, 12, - 4, € a1 3T fGh-hRT F1 7?2
Tz foh fog (2,3,4), (= 1,-2,1),(5,8,7) &@ &
ww B w1 qeiel w1 fRp-hEd 9@ &g Ak s o 3 fog
(3,5,-4), (= 1,1,2) 3R (=5, -5,-2)
11.3 3raer U IEGT hT FHRITT (Equation of a Line in Space)

Fel XI¥ fg-forfta qa o @netl &1 312e i o 99 39 oH ke d T& @
o |fY den FIdrd GHRON i A1 H|

n A W DN
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e Y sfgdted: fuifa et 2, afe
() @e fu fog @ & 7€ fKon @ g Wt 7, AW
(i) o7 I & T fageti ¥ e SR

11.3.1 73U 7T faig A @ S areit 797 90 7T QiEsT b & QI I@T T THIHTOT

(Equation of a line through a given point A and parallel to a given vector b )

eIt Feene fem & 7a fag O & wmHy z 3
e T T B A S s i s

foIg A" ST areft qeon fRu T afeer p o T A p—!
W@ 12 A e R R fem fedt mew iy o
P w1 feafa afew 7 2 (emepfa 11.3)1

a9 AP U< p o HIR € i AP=Ab, Sl G)
A T STdfaesh @& 2l \

[ 3TTHTd 11.3
g AP = OP - OA
ERIGH Ab =TF—a
foetia: Jrad A oF J&is 91 o fag 9 9 @1 o fRdt fog P&t feafd wem
AN T 3 @ T HiEY GHiR 2

F=d+\Mb (D
fewuit afg 5=af+b}'+cl€%ﬁ%@%ﬁ?—&ﬁ%a,b,c%ﬁ?ﬁ?ﬁﬂﬁ:ﬁ@%@

% &b @, b, ¢ B A b = af + b} + ck @1 & THIR &M =& b i 15 |7 THEn ST

|ieyr U | &g ® A= h{T (Derivation of Cartesian Form from Vector
Form)

A oifse & ﬁ{'lﬁﬁ A& fdens (xl,yl,zl)% R @ ﬁ?ﬁ—ﬁw
a,b,c%WWWﬁ@P%ﬁ%@W(&y,Z)%IW

F=xi +y+zkida=x1+y J+zk

]
S

>Y

R b=af+b}'+cl€

T A Rl (1) W wiceentyd ek 1, j @R £, Ol i qorl HTT T §W U
g fw
x=x+Aa; y=y +Ab; z=z+Ac .. (2)
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I @l o grEd G 21 (2) 9 grEe A e s W, 89 U B

A=5 Y= N =4

b = - .. (3)

a

& @1 1 HEE GHHT 2
feoquit afg Y@ i feeh-hrred [, m, n €, @ T 1 THieho

X— X YN _2T% %I
l m n

SATETUT6 oI5 (5,2, —4) | S oreft de 9w 37 + 2 — 84 o HHIR @l &1 |few
el I GHIHON I 1A HIfU)

T T W@ €, &
G=5+2]-4kdR b=3i+2]-8k
WW%WW%
F=5i+27-4k+A(3i+27-8K [(1) T
=t Y@ W feorm fordl 65 P(x, y, o) 1 feerfa |few 7 2, gafa
xi+yj+zk =51+42j-4k+N(37+2]-8k)

= (5+30) i +(2+20) j+(—4—8\) k

AT foelias 3 W 89 U © T
x=5 y-2 z+4
37 2 -8
S YT o GHI 1w €9 B

11.4 St TE@TAT ok A hI0T (Angle between two lines)

A AT R L SR L @ fog 9 o areft & et € o faep-srqom s
a,b,c 3ay,b,c, 8 I9: 99 AfGUfF L W TH &5 P L, R T &3 Q
amepfa 11.4 ¥ KT ¢ |fger OP &R 0Q W fomR #ifsw) 7F =fifsi fF OP IR 0Q
% H" =T I 9 T I TR0 HIS fF FiEw OP R 0Q % Wew F: a,, b,
cl3ﬁ'{a b c%’lsqmeﬂawﬂawﬁme

2272 72
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V4
aa, +bb,+c.c A
cosO = > 122 2122122 > ‘S\T{TW%I
\/al +b +¢ \/a2 +b; +c;
TH: sin O F €9 H, {@IA o o9 H HI0 Q1
L
e 1

sin®= /1 - cos” @ q yed B (70 P oy
X

_ iz (aqa, +bb, +c,c, )2
B (af +87 +¢7 )(a5 +b3 +c3) 3TeRfa 11.4

\/(alz+l712+cf)(a§+b§+c§)—(ala2 +b1b2+clc2)2

Jlai +07 +¢2) (a2 b3 +c3)

\/ (a, b, — a, b1)2 + (b ¢, — b, ¢ )2 +(c;a, — ¢, q )2
= 2 2 2 2 2 2 -
\/ (af + b + ¢ \/a2 + by +c;

e fouroit | 5@ fefa § 59 @ L oiRL, g0 fig @ & oRd € o e
L, 3L, % 9@, 9 fog ¥ o areft dd wae: L, 9L, o ¢ 3 et
L, R L, feep-orqumal o oot fesp-ararsa < 7 = S L, % o 4, my, n, 3R
L, fC L, m, n, @ (1) 3R (2) Frfafen e &

cos @=L, +mm,+nn| E2IED F+mi+n’=1=0+m;+n;) ... (3)

(4

#in Sin0= /(1 my —Ly m, ) —(my ny =y m)* + (my 1y, =y 1)
feep - e1qura a,b,c, R a, b, c, et @
(3] m% g @ =90°, raiq (1) d aa,+bb,+cc,=0
b _ 4

(i) W, AR 0= 0, @i (2) ¥ L = &
a b, ¢,

2

319 B9 <) T@13ll o 19 1 10 Fd SO Toien TEieRor fau T B Afe $9 s
Fo=d+\b AR F = d,+ub, & <t = 010 7
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by - by
qad cosO= | ==
|b1||bz|
wrfa w § A e, 0 - 20274 (1)
’ a, b, ¢
i B e
a, b, ) @)

% o= 1 FOT ST W (1) T (2) F fRp-TII FA: a, b, ¢, Tq
a, bz, CZ% ad
aa, +bb, +cc,

\/a12+l712+c12 \/6122+bz2 +c22

cos 0 =

sarEor 7 f U En-ge
=342 —4k+Ni+2]+2k)
AR F=51-27+n@i+2]+6k)
% T RV JG hITTT
T UM AN o= f425+2k IR b, = 37 +2]+6k
Tl st o wem vl @ ¥, gHiY

s b b-by | | (+2]+2k)-(3i+2]+6k)
|55 V1+4+49+4+36
3+4+12‘_£
T 3x7 21
19
3d; 0 = cos™! (E)
SETEI0T 8§ W@I-FH:
x+3  y-1_z+43
35 4
+1 y—-4 z-5
R Ak =
1 1 2
o HeA I T HISC

T Ueell @1 % fKep-31qu 3, 5, 4 3R g8 @1 & fKep-3ue 1, 1, 2 21 A 37k
ElckEikau K EE]
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6 3145.1+4.2 16 16 83

cos 0= = = =

V52212422 | V5046 sV246 15
8

3d: aﬁ%aﬁmcos“{ I{J |

11.5 7 @Rl o HeA =IAaq g3 (Shortest Distance between two lines)
sfafer ® fE < Y@t weR giaess i € zZ
A STk A9 H A 30 g )OSR
after ® I < W@ g9 2 df ST o=
I A 3, ST A= dAdeq g gel G ¥
g T @ F T AT @Ry,
= T el E ~

s aifafir siafe o, T o Yand 9 c >Y
gt & S A ufaeedt 3R T & gwE A B
Bl 71 o H UH e o g X
STEHACh B ¥ iR T fawmeta e i 115
(skew lines) Fed 2| SEEIUGAT BH STRfd 11.5 H x, y 3R z-3787 o SR HH:
1,3, 2 ThE o 3HR a1t FR R =R & €l

@1 GE=d o ool & 3rgfewr @ ik ¥@1 DB, A% i S 3d o 4 ¥ el
T8 e o ool o arfew 21 3 Yand faumaets € #ife o g T8 € oK wf
foerdt off = €
et & e =AY < W TR e T U e @ @ W U W W fed
T fog &1 3Ed W@ W feod o7 fog &1 fae 9wt &f aifr S9! ofars —<gad @
<A T tErEe SHl foauHaeta st ™ @a gl
11.5.1 E? fasgaeia @it & ster &t gﬁ‘ (Distance between two skew lines)
319 B9 (@3l o o9 i =Aad g4 Fefataa fafta 9 T

T I A A /SR L femaea T @ Q .,
foer Tt (3T 11.6) Frefafaa 3 ’
- o
F=d+\b (1)
SR Fo=ad,+pb (2 s ph
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T || R FE fag S ot ferfa wfew g, o [, =1 fag T fouet feafa wfew g,
8, oifSw) e =aw g0 @ieer &1 giem, ST 1 =3 g0 &1 faen § ge&id &1 7rq =
HHH B (3TT=R 10.6.2)!

AfE [ 3T 1, % o Y FAqH g0 | PQ © @ S I b, 3R, WA B PQ
=1 feen o 3 Wl 4 39 wHR el

I}

mwl

X

-

I}
I}

. (3)

n=

| b, X b, |

-
)

[iC] PQ =d
&l d, =g i afewr &1 ufmn 21 9 ffST g7 SR PQ o St H1 HI0 0T, 99

PQ = ST Icos 6l
. PQ-ST
" cos 0= 11pq /ST
di-@-a)| .. .
= dST (wﬁ; ST=a2—al)
b, x b,)-(d, —a
e INCL L
ST |5y x|
Tgfa 31+l =Aaq <8
d =PQ = ST Icos 6l
B d= (b X§2)~(§2—5I) 2
| b x byl
FAT B (Cartesian Form)
[@neT:
X YT 2T
Yoq - b 91
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3R lz:x_xz Y~ _27 %
a, b, )
o o= 1 FAad SU e
X=X =N L%
a, by G
) b, )

JBiey —bye,)? +(ca, — cya,)* +(ab, — ah)

11.5.2 GaTay I@T3f & @@=l &l gu (Distance between parallel lines)
I & Erd [ Ak [ FEE € @ o A g €1 7 T S e

F=a +Ab (D)
o F=a, b o (2)
&, el 1, w fag s o feorfa wfcw g, o W g T (@

1 2

=1 feufa wfew 4, (smpfa 11.7)
Fife [, R [ FEae B A g TH [ W

T T T FT A P R dS T@ned [ 3R [, A w I - p
T = TP S (a7) 1
A ST for afell ST @IR b o = =1 o1 921 ST 11.7

b x ST = (1b11STlsin 0)# (3
el TEet [ 3R % 79 W o b |wiew A 2
W ST = 4, — G

e (3) 4 g9 I € &
b x(d,—d,) = |pIPTA (A% PT = ST sin 0)

1 lbx(d@,—a)l = (51PT1  (asla | =1)
THIAT T {Enst o sftE <A g
g 1PT1=| 22X @ =) | s
b |
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SETETUT9 Y@ed [ @R [, o w1 JgAan g A wife e wfi w2
FEL4+j+ANQI-]+k) o (1)

R F=2i +j—k+unGi-5j+26) ..

T WHE (1) F (2) F r = +Ab IR = g, + pb,, ™ T FH WA
m E fw

a=i+], by=20-]+k
ay=2F +J—k 3R b, =37 —5] +2#
ZHfeg a—a =1—-k
AR by xby = (20 —j+k)x(3{-5]+2k)
ij ok
|2 =1 1| =3i-]-7k
3 -5 2
TH YR b, X byl = \J9 +1+49 = /59
THfere < T Wanetl o S i =gHad gl
3 (b1><b2)~(a2—a1)| _13=-0+71_ 10
- b xby || V59 V59

sarevor 10 frfafea & T et [ @R 1
F=i42]-4k+A(2{43]+6k)
3R r=30+3]-5k+p(27+3]+6k)% o= =mad 0 T i
T <A W wHER Bl (E?) B W © f
a =i +2]-4k, a, =37 +3]-5k 3 b = 2{ +3]+6k
ey Y & S gl

ik

23 6

_|bX@—a) | | |2 1 g

b _——

J4+9+36
C1-9i+14j-4k1_293 293 N

- V49 Jao 7
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[wwarerett 11.2)]

e fr e o, s, o A

13137 137137 13" 13”7 13°
@ R wAefed
. <uisw T fageti (1, - 1, 2), (3,4, — 2) ¥ B SH arelt T faget (0, 3, 2) 31k
(3,5,6) ¥ M el W@ R @9 &l
. Turse T fagatt (4, 7, 8), (2, 3,4) ® B 9H aret 3@, fagst (- 1,-2, 1),
(1,2,5)d S oreft 3@ & g9 2l
. T915 (1,2, 3) @ T St e 1 g | i St wfews i 42 jo2k
T B
. fog foment feafq ofewr 27— j+ 4k A oA T W [+2 ]k & fon o S
ATl W@ 1 G AR HdE B H GHH0 [1d IS
. SH @ 1 HE GHE A6 hiee S fag (=2, 4, - 5) W S © SR

x+3 y—-4 z+438 & T )
3 5 6

| T % e g X Y 2o 6%|sﬂaﬂqﬁ<ﬂw°lwam
3 7

HiferT|

. TAfafed e & &9 &1 Fio Fa Fife:

() r=2i-5]+k+A3i+2j+6k) 3

r=71—6k+u(i +2]+2k)
() r=30+]-28+\(—]-2F) 3R
r=2i-j-56k+u(3i-5]-4k)
. TAfafed ez & &= %1 Fiv Fa Fife:
x—2_y—1_z+33$Rx+2_y—4_z—5
2 5 -3 -1 8 4
z x=5 y-2 z-3
1 4 1 8

@

G 5=%

d
2
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10.

11.

12.

13.

14.

15.

wn

Tfora

e l-x Ty-14 z-
p 1 I T HIC @R @ 3x= y—l4_z-3

2p 2
g T2TX Y75 072 o i A
3p 15
ﬁaﬁqﬁi@rﬁxf:y—;z:% ﬁ%:%:%waﬁ%

@l F= (P 42+ k) + M- J+K) R 7=27-j—k+pQi+j+2khF
EIERCI R SR AU IS

e e = e

HifsTT)
@, foer afsw gt fafafed ®, o o= w1 =Fa9 g 96 S

F=(+2]+3k) + M0 -3]+2k) s F=47+5§+6k+n (27 +3]+k)
@, fent qfger gt frafafad €, o = a5t FAaa 9 s
F=(1—-1)i+(t-2)j+GB-20k I F=G+Di+Q2s—-1)j-Q2s+ Dk

gy 11 ¥ fafaer goraet

. Fi@ﬁ&qwaﬁmEHW,WW—Wa,b,CGﬁTb—C,C—a,

a-bel

. x-318 o FHI q1 A-fog § S At @1 1 FHH0 F1d hifsal

Cafr e Xl oy =2 273 g Xl _yol 276 g g g

-3 2k 2 3k 1 -5
ql kT |F J i

W@ F=6i42 j+2k+AG—-27+2k) R

F=—di—k+n@i-2j-2k o= %I Za9 g0 96 S

fig (1,2, -4 ¥ SH aef oK < i xg8:y_+lé9:z;1o s

-15 y-29 z-5 .
x3 =y8 =Z_5 R &9 @ 1 A FHR A Hifu)
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qRTST

ek @7 i faep-hrareT @ gr feemad 1 9 fen & @ s o
1 G Bl 2l
a&@%@ﬁﬁ?{—w l,m,n%ﬁp+m2+n2=l
D fogell P (x, y,z,) 3R Q (x,, y,, z,) FI THAH arecht @1 &1 fKep-hiarE
X=X =N L4 ¥
PQ ° PQ ~ PQ
S PQ = \(x, — %) + (3, = ) + (2, — 2,
Teh @1 T fqep-aruE 3 weAad & S Y@ &1 fap-heed & gHEE
Bt 2
g Tk @1 H K- HEEA [, m, n AR {E-31q91 4, b, ¢ B

I a o b N\ c

_\/az+bz+c2’m_\/aZ+bz+cz’n_\/az+bz+c2
fawacts Y@Td sfafier &1 9 W S 7 @ iR € iR T & ufassd 2
g Y@t fafa= aal o gt 2l
ferrwecttar Y@sit o siter o1 vt 98 w0 B S U R fag (adEa ga

fog &1) ¥ foumaeta d@mst § ¥ y&i® o Hid @i T8 |1 Jiqesar st
¥ o9 ¥ B

g ll,ml,nl?:ﬁ'{ lz,mz,nzﬁﬁﬁ—aﬁwm?”ﬁﬁi@ﬁaaaﬁ?we ?
qd

cos O = Il [, + mm,+nn)l
R a, b, c, AR a, b, c, TGep-odt Al qF Y@st ok di= w1 = B
0% o
a a, +b b, +¢ c,
NN
e T forg forent feafa wfger G ® 9 o ot 8k |fewr p o Sl
1 Tfeer THE 7= G+ A b Rl

cos 0 =
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* 5 (x,y,2) ¥ S o Y@ o Keb-FE=T L m, n g, 1 FHHw
X=X _Y-Nh_2-% 3
l m n

¢ < faget foror feorfa afew g @R 5 @ O S arelt Y@ o GHiw &1 |iee
TR 7= + A (b —a) T

¢ AR T Wt F=g +Ab SR F=d, +Ab,, & = H AR O T @
b, -b,

1b11b, |

@ A et St = S = S e

1 ml nl

TR T h _ITY s gamame 3

l, m, n,
cos O = Illl2 +mm, + nlnzl.

¢ T fawmacta W@e o S= ® FHAaH 30 9% Whe © S S et W
o 2
¢ JX@E F =G +Ab I F=a, +ub, % A= FIH T

|b, X b, | @l
o Ax@H I YN (278 g TR YTV _27h 5
a, b, @y a, b, ¢,
e =AdH g
X=X =N L —4
a, bl (&
2l
a, b2 (&)

Jbie, =bye,) + (cay — 0, + (apby — arh,)’

¢ ATAR @A 7 =G +Ab W F=a +ubd = H L
b x (d, —d,)

51 |

O/
— ... —
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‘ Ifgeh YT Linear Programming ’

* The mathematical experience of the student is incomplete if he never had
the opportunity to solve a problem invented by himself. — G POLYA +»

12.1 95T (Introduction)

FrEE | S SFAn W foer-fanel Y Ter €1 wen
XI¥ 894 |1 =R Ui ot ek srafenstl i Waw
srafgepeti o T o eeiEia fequr 9 ' fHepte o
famg ® stemm w9 ¥ e H wE ermant H
sTafeRTeT A o e ainfed &1 39 s1e | 89
e sraftsmetaien o fFmE w1 A= < T s
IrEdfaeh S i GHES! F g HH H STAN B4
Tk TR A S aegetl S A9 eI i
FrEEE w1 ¢ fEw & fm S 9 Rs 50,000 3R
@ & U e 60 TEgal o T TE B U A W
Rs 2500 3R T &l W Rs 500 H1 AN A 2| a8 L. Kantorovich
SHH ol © foh Uk BT i SRt 98 Rs 250 3R Th pdl 1 o=H & Rs 75
A1 HAT bl &1 A AT fof o qeft aegetl 1 o= Tohar € foeeh! o o7 wlsan
% T4 98 WA =Tedl € T feraet Aeil wd il w1 @l wifey qif Sueed fEw
TR W ITHT TR o9 STferkag 2l
G YRR 61 GRS TS0 9= YR 1 GEeel § o o1 SAfuehdwieni i
AR kT ZATHIHIT TS T T fha1 ST 8, TaHsi 90t Seardl 21 o:
TRAARN T | fUhan oY, ZAq9 ARG 91 e 1 =AaH ST Sfmfed 7
g dumA g U 9 Afeh Th qewgel YR i Sedusi IHeE € 3R
I Sfeaifad seaaet gaen ot uw Was g guen g1 SEn, v,
Yeier fore e o foasga gemaan o SR e e Taerd srefus qewd &1 2l
M A |, B9 o e FIHT THET 3R S+l i@ fafer gri ea ferrer
1 AT HU| TafU 39 YN TS H1 7 Fepier o fou s fafuet «f 2
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12.2 Yfger Womes wuen o STt oS AT (Linear Programming

Problem and its Mathematical Formulation)

T ST T Tt ST ST o W1el WRH hid € S foh &1 =R R aredt wwe
o T F3TehT0T S1era TUrdd Uiy o1 ARTeRE M| 36 330 § gH eAHyaeh
@ &
() =M o o Al 1 AsH A HdE A1 <A % g o e Y Hend 2l
zaeh Sfaftea 98 faw o fafu= aismres fafied @ fafa= e s g
(i) Fo aifers weveyul el =1 sraiel o1 ot THee § S SHeRT e stfuenan
Rs 50,000 a9 Hifid € qon SHok G 31fushad 60 a&gsti 1 T@d o forg wom
ST B
T T & o7 FE FO T Tk shewt B % 'R w1 feeE #w €,
TGfeT 98 50,000 <+ 2500, A 20 =l 1 @S Gehal 21 39 feafd & Iqah1 Gher oy
Rs (250 x 20) = Rs 5000 g
M AT o 9 g B9 7 TUKH hael HiEl € Gled w1 wEH i 81 ad
€ AT IS Rs 50,000 T TR H 50,000 + 500, 3T 100 FHTEaT € @lg Feha
21 W € e 60 T I € T Hehal B q: T8 60 A A TS o foaw e
g fSEd 38 el a9 Rs 60 x 75 314fq Rs 4500 & gFMI
Tt 3R oft gd TR HAeTT €1 S % fon 9% 10 T SR 50 FEEt =i
HT =TI F Gohal 7, ek ST TH 60 TG 1 WA T LIH U 71 39 Ferfy
H IR Fha a9 Rs (10 x 250 + 50 x 75), T4 Rs 6250 A<
3: BH TG W © 16 Bl eI Tt == fafue o g et o i
o9 Y Fehal B AR fafa=t e gismietl &1 Aot fafa= o9 e Fonm|
319 9L IE ¢ Toh 39 ST oF TR 1 SfehaH ol 9| i o T foRE YRR
e & =1few? 39 U 1 SW A o foTu gH wmen 1 M FEn S
YA AT A8l

12.2.1 GO&T @71 TiUrdtT H\??W (Mathematical Formulation of the Problem)
oA St o ASfi w1 WAy 3R i i we y ® R WAt S wliE @)
W x 3R y TR % 3?%
x>0 (O ) (D
y>0 ..(2)
Hifr o= iR pfdal #1 gem ForAs T 8 g 2l

Rationalised 2023-24



Wasw dum 405

AN (HFERET) W ATehad o= TR (T T8 Rs 50,000 ©) 1 691 3 1
eI ® IR AR o U ohee 3tfushad Seqel (Tl T8 60 ®) i W@ o fog
T FT Y B

AT ®9 § e FH W

2500x + 500y < 50,000 (fe1 =aw )
pI 5x+y <100 .. (3)
R x+y <60 (HTETT HE) (@

ZIER T YRR 9 991 1 AEdl ¢ SUHT Y Z (HFT) SAtiehan 8 3k e
x 3N yoh e o ®9 | fefefead YR @ = fman ST gk €

Z = 250x + 75y (ST e FHeal ©)
TEd GEE 1 37d OE w9 H qiEfid 8 Sl e
Z =250x + 75y %1 SAIHTHHIT HITSY

Sl =aty frefatad ©
5x +y <100

x+y<60
x=20, y=20

zafaT g9 e e Z 1 SATHehaHiehiol il € e RO =1 arell iEs
SRl % w1 o faem fefm@l o =y o e TS g o= greE §
& o e o 1 =AaHieRT fmar Sar € S Foid =R el e st
& w9 H g faviv fraf@l o oretiy =9 fory < 21 ud goenet o e g
THET Fed B

3d: Tk sk JH IS 9% 9IS € S fR x 3R y S $ oFs WX o Tk
fasw wed 7 (S & 329 %o FEdml €) 1 $ad GETd/Sehedd gaTd a
(SAfersha® = =IAqH /) I B W el fd €1 Hidse e € o =R moie quiie € iR
3 Wash erafemet o ag=ea aw el w Gqe i ¢ aw 98 9 ad § %
gren § geft o dey Wes § Seofs g 9 aregd € T e wom o fae
ERIE LRl

M 9gH W U4 €9 376 o R (RR T S E R ) 1 S w9 9
wfenfid H1 et i W@ w0 os g gueet § w3
ILYT Wi UEh BeH Z = ax + by, Sk q, b =X © TSR Siferepauienor a1
S[AHIHT BT § Tk ah $E99 el HEdr B
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ST SR | Z =250x + 75y Tk @ Sed ®er €1 = x 3Ry foiasw
T HEAM B
eI Th ash GUEE G & =R R faw s@femeti a1 gt a1 giaey
SeRIY Hedd &1 Ufdad x>0, y > 0 0K oY hedd &1 ST See 4 (1)
T (4) q RS &1 T R Feeld
AR GEITE GHENT fAfved el & o1 srafientst o weaa g fAuifa e
St =Rl (T q W xR y ) H Wew o i Afrkan A =Fa w, gedd Ed
THE FEdd g1 Wk qum gaend uh e g S sedd gETd gue ?)
GETd G AR R/ ATl 9 il ol @8 | Tgo T s0ad JoTd G a2
faesh T 1 GHE 1 TH S

31e & oo 3 foh wh ae umE SHen i e YR g TR S €l
TH A § g ohadl A fafy 9 g gefug ©

12.2.2 IRaer QT QIS & §T I F HTAGT &3 (Graphical Method

of Solving Linear Programming Problems)

Fe X1, ¥ g4 9@ g € o 59 9R @ w1 x 3Ry § gefud e s
el 1 @ Eiwd & den s fafy g/ Tt F R Bl o wH e 12.2
¥ fod=q &1 g o iR pfdal & fa9r o) GHEn #1 Sooi@ w4 o9 6 39 qHE
1 NG R B HUT| 379 gH AEeh FHHIHN o &Y Y0 Sl i @ Gid:

S5x +y <100 .. (1)
x+y<60 .. (2)
x>0 ... 3)
y20 . (@)

39 T &1 oM@ (SHifea &) o
sHERl (1) ¥ (4) 9% & g fa
Tl sreddell & SvEtTs faget @ ffda €
T &4 H Yo fog Al (SFeErE) &
Uil IR i o Fem e o fog ge
faehed Tegd T 81 3afeT 78 & gHen
1 GHT &5 heardl € (3T 12.1)1 39
933[ T T&F ﬁrg O W Rl Y Sx+y=100 x+y=60

FHEA TTeRta 12.1
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a1d: &9 = 1 gt s 2

TETE & I50 99 o foau U as TR 9uE o RO SFel x, y > 0 9
it ereidl gry o Syafss e e &9 (A1 B &) el € SR 12.1 |
& OABC (Mifehd) THEN o foiu gamd & 81 gUa &= & sifafiea <t &7 8 =9
ST &5 hEd B
AT T GHg GO &5 oF 3d: WN a1 § ok 9 fog eyl o geT s
heelld &1 Shfd 12.1 & GHTG & OABC o 3fd: 9T qen diar & it fag gqen
o gUTa B WEiid wed Bl S o faw fSg (10, 50) WHEN %1 T gET T
2 @R 3 ¥R 55 (0, 60), (20, 0) 3R +ff &t T

GO B o STel 1 IS f fag SGHT g wedd € See o fau g
(25, 40) THEAT T TG B 2l
TEAH/AHATH (GETd ) TA: U &F § HE 65 S 3299 Fed Hl geqq 7
(Afrhdd a1 =FAH) <, TH TRGH B HEAM

39 B9 2@d § foh gET &% OABC ¥ Wi foig (1) ® (4) o # wew ol
Feiel 1 W H ¢ AR UH d fag ¥ we we € 2 f w9 Sivd e
Z=250x +75y o SAfuehan ¥H act f9g & fohd TR F1d e o1 9o 31 39 feerfa
1 g I o Ty 8 T g ol STEn S i T e qiume geenst w g
FC ¥ got fagia (smaRyd) {1 3 THAl i SUAfd 36 Tk oh faa-o%g ¥ e 2|

T 1 A TR Tk ek W S ok forg R e et (STl 9g9s) § S "
& Z = ax + by 2T Fe 21 & Z F1 Tk g5eq9 A (3Tfeshad a1 <IAq9) = el
el ¥ Feiferd =R x 3 y a0 g oA B qe e TRAH A GETd &
& ®H (M) W erafed g =feul

T 2 " TR Uk sk WU SHE o foe R GHT &5 € 99 Z = ax + by S
e 21 A% R IRag &7 8 99 3evd Ho Z, RH <Al fushdn iR =Haq 7 T
%Sﬁ'{ﬁﬁ@WRa?W (corner) ﬁg(sﬂﬁ) R feod B 2

feuguit AR TIREG 7 79 SE9F Hel h1 AfIRdH a1 FAq9 I w1 e T ot
B Tehal 81 fRY oft = =e forme ® df Ro 19 fog W e =ifge, (v 1 o
IER)

ST I § Uleg (GHTA) & o S 55 0, A, B 3R C € 3iR forgati &
fdetien 1@ KT WA B 9241 (0, 0), (20, 0), (10, 50) 3R (0, 60) FHH: i fog & o1
e 3 fagell W, Z % A 916 S 2
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o€ 39 TN €
[ETT &7 o e | Z ok " am
0 (0,0) 0
C (0,60) 4500
B (10,50) 6250 <— | sfaeaw
A (20,0) 5000

7a e s © fF oFemrt &1 few FisEr (10, 50) @tefq 10 B SR 50
il & wlisd § sifswad a9 gl
w4 fafy & f= w1 gwifaw 2
1. @ YR EE 1 GET & 9 BT 3R 38w faget (i) w1
a1 @ e 9 stean 3 W@re o gidess fog i a1 W@rel wi 9Hien a5
F¥eh 39 fag 1 Fa FifSw
2. S WO Z=ax + by %1 A Y %G f6g W Fd ity 7 R M SR
m, FAA: 37 fagenl | eiferran qon =Haw 4 weiid wd #)

3. () v& gETd & uRag €, M 3R m, Z % eiferhad iR =9 A B
(i) T fefa ® S gETa & TufiEg @ o 71 frefafea fafr w1 swE e
4. (a) M Z I Afuehad 91 od © 4% ax+by>M FR UK 1H-qel &1 i
fag Qo &5 | 7 U2 oy Z i Afushad wE Tl 2l

(b) TEH YR, m, 1 ZH1 FAd9 T od € IR ax + by < m 5 91 Gat
arefaet SR GO &5 W HiE fag swEtTe T 81 e Z w1 #iE <ad
M &l 2

T 319 S TN o g HiAE fafy & 9= w1 T wI:
SETET0T 1 3o gRI T Waeh W e i gl it
= =l & efad
x+y <50 . (D)

* GETA &9 H w65 &9 w1 & FE fog g @ S e w1 yfaesed fag @

o T Pak GHEW TR F GETd &7 Ufeg el Sl § Ak 7€ Tk 94 o fdiid uReg
a1 S Feha1 B o1 W oTIfEg hed B oTuieg | arcqd © fh gua e fedt of fgonm o
srefifd =9 @ FeME S Hehdl 2

Rationalised 2023-24
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3x+y <90 .. (2)
x20,y20 .. (3)
Z = 4x +y &1 f¥had AE A@ HifQ:
T ST 12.2 H BHIhd & (1) | (3) o el o e o g1 Fuiia gema
& 21 W Trdiert &td © o gETa &% OABC Reg 81 0T 6 Z 1 SAferehad |
T4 & o fow e fag fafy &1 3w &

i fog 7 §Tq W
(0,0) 0
(30,0) 120 ¢ | Aferehan
(20, 30) 110
(0, 50) 50
TR 12. 2

HHg fagei 0, A, B @R C o Fwniss sw: (0, 0), (30, 0), (20, 30) 3R (0, 50) 2l
36 Y S f6g WZ w1 °E A1 HW B
ad: f9g (30, 0) W Z 1 Mfushad A 120 21

IEECOT 2 oy fafy g e e diume wEen woga st
=1 =ee o 3Tavia

x+2y2>10 .. (D
3x+4y <24 .. (2)
x=20,y2>20 ... 3)

Z =200 x + 500 y T =FaH HF TG FHIST

T S 12.3 H SAhd &4, (1) ¥ (3) o HIHl o (e g FUiRka goma
&5 ABC € Sl ufteig 81 s fagefl A, B iR C & fewnss saw: (0, 5), (4, 3) 3R
(0, 6) €1 BF T fagati W Z = 200x + 500y T 9 @ H &
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Y B 2
@ fog | 2% 9 3=
(0, 5) 2500
4,3) 2300 <
(0, 6) 3000
(10,0
X" l X
, x+2y =10
Y 3x+4p=24
3TTeRfd 12.3

ad: f§g (4, 3) W Z % a9 AE Rs 2300 9 Bl 21

TETEA0T 3 STerE fafy 9 7 wmen & gd &t
=1 el o Sidd
x + 3y <60
x+y2>10
x<y
x=20,y>20

Z =3x+9y 1 FAq9 3R Afwad 7H T@ Hife)

. (1)
.. (2)
.. (3)
.4

T Tod Ued B (1) ¥ (4) d i g s o Feam o gama & @
ITeiE Eied €1 GETA &5 ABCD w1 3Tiehfd 12.4 | fe@rman w0 21 &5 uReg 81 i

@ fog | 2% 9 am
Y S Z =3x +9y
7 A (0, 10) 90
B (5, 5) 60 <=
C (15, 15) 180 AfaeRad
D (0, 20) 180}e (3% 3= =)

x+3y=60

3TTeRfd 12.4
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fagell A, B, C 3R D& fadeniss waw: (0, 10), (5, 5), (15, 15) 3R (0, 20) €| 216 &4 Z
o a9 IR Afwan OF 9@ A % fow w1 g fafa w1 swEm ww@ €
gt | g9 gETd & f9g B (5, 5) W Z 1 FAAH AN 60 IE H 2

Z o Afuehad 1 G &5 o ] i fage ge&w C (15, 15) 3R D (0, 20) W
120 9Tt Bial €l

feoguit ftero Sifse o Swie S0 |, e s fagafl C 3R D, W 9HH g
& Wl €, i <Al forg ol eifershad A 180 S R €1 UE feerfei o < b
faget i fiem™ aret W@Ee CD W 9 g @en C X D ot ush &t ifuham oM <
g ot 3u feufa 7 off T ® AR @ fag 9@ <A 79 s w0 g

IEET0T 4 e fafy g 3899 ®eM Z = —50x + 20y 1 <IAad A fefared
I ok A A RIS

2x—-y=>-5 . (D)
3x+y=>3 .. (2)
2x -3y <12 .. 3)
x20,y20 .4

%ol 999 Teel 79 (1) ¥ (4) T o 10T ehTd R GO & T STeiE @ied
T FfA 12.5 § U & (SMEifeq) @ w21 fem wife 75 gem e
TIfEg 2l

319 B9 HE fogstl W Z &1 71 ot 9 &

Y -
@ &g | Z = - 50x + 20y
©,5) 100
0, 3) 60
(1,0) -50
(6,0) -300 < |94 ®H
N
Y "x7 8910 X
¥ (6,0)
3x+y=3 3TeRf 12. 5
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39 GRON U BH A i € foR i {65 (6, 0) W Z 1 ge %wH HE -300 2
1 0 HE Thd ¢ foh Z 1 a9 A 300 B2 &4 e o afx & afeg e
Al T Z 1 Fad HE A (W 2 W) B iR 39 TR <@ © T gEa & oriies
21 38T ~300, Z 1 <AqH O € o Tehar ® I T ot 3@ e w6 frekd
#H oh forg en frafafaa s &1 e e €

= 50x + 20y < —300
31 —5x+2y<-30
3R it HITST foh erE g Ww Gel e o gETd &5 § Ss9ars fag § o e
21 A 9 Swafss fog &, 990 Z 1 =Fam 9 -300 &l € e, Z 1 =Adn
A -300 BT

St o emeRfa 12.5 W fe@mn e ©1 gHieny, Z =50 x + 20 y, 1 EW SHeEl o
e § =FaH 7 T/ R

ST SR W A1 Y W™ B Hhd € fh Z =-50x+20y, (0,5) R
Afershad 7 100 W@l 8?2 gHeh foqw, Sife shiferg foh a1 — 50 x +20 y > 100 1 3@
FET &5 o WY IwArTS fag T B

SarEtur 5 Trefatad el o @, Z = 3x + 2y 1 FAGHR0T hHITT:

xX+y=>8 .. (D
3x+5y<15 .. (2)
x20,y20 ... 3)

o rEfmemet (1) ¥ (3) &1 ofei@ Wiy (STehfd 12.6) 1 91 HIE GaTa & 2?2
I% TH i B2

ST 12.6 © 9 6 T Fehdl ©
for Qe wig fag 7t € St weft el i
T 19 Hq= Y Honl 3T:, A H
gHTd B T 2
feuruit 3SrETen & foment fad=m &9 o™
% H ok ¢ foIGoh S¥N W B9 §9
Yaer dme THEE i e e
F1 Ieoi HW B

(1) & &5 Tea 3Tl Sl el 2|
(2) STYT WA HT STfYUFAH (A
=JAd9) T GETd &F °F WH W
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Wasw o= 413

(%1 W) ferm g 21 Ak By wod o @ wHE fog (3d) @
Afshad (1 =Aq9) I FIH F & o 9 faget o foam arelt Warae @
o g off TmE Afusan (a1 =Eaw) |/ S

| womraet 12.1]

gt fafy @ fret Wass diome guenst s gl s

1. T o/oRi o AT Z = 3x + 4y 1 STIHAHHIT HifST:
x+y<4,x20,y20

2. 99 oYl o AT Z = — 3x + 4 y T FAGHRIT HITT:

x+2y<83x+2y<12, x 2 0,y=20

1 TRl o STAd Z = 5x + 3y Tl ATTHAHIRI HifST:

3x+5y £15,5x+2y<10,x 20,y>0

4. T 0l & @A Z = 3x + Sy 1 FAAHRIT FHIIT;
x+3y 23, x+y=22,x,y20

5. T4 ool o SI@d Z = 3x + 2y 1 FAGHIHIT IS
x+2y<10,3x+y<15,x,y20

6. T sTEUl o WA Z = x + 2y ST IAHIR HITST:
2x+y23,x+2y26,x,y>20

fe@mn o Z &1 =gaq /M < fogen @ e foge w wfea g 2

7. T ool o @A Z = Sx + 10y ST AGHHLI T2 SIRAHRLT TS :
x+2y <120, x+y=260,x-2y>20,x,y=0

8. T ool o AW Z = x + 2y 1 =ATHIHT T SATEHAHIBLI hiToT;:
x+2y2100,2x-y<0,2x+y<200;x,y=0

9. 7 aul o AT Z = — x + 2y F STIHAHHI HITST:
x23,x+y25x+2y>26,y>0

10. =1 3eRdl & @A Z = x + y 1 ATIhaHieniur Hifera:

x—-y<-1,—x+y< 0, x,y 20

w

efeTfaer feoguit
fgda fava g #, 5@ g FaweH & deq o, a9 fe wgst &t
ZAqH =9 W 3Afewan 71 T8, es woma fafy sifaa ® o)
fas g o & 9o YR 1 gAOd &9 I L Kantoro Vich T
sTfEt S1efRme L Hitch Cock o 1941 # fU) I < @ €9 § & foral
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9 YA h! GREET-99E o M § S TN E 1945 H USRS
G.Stigler = Yaeh WHHA THEA, o Sarid 3an STER Heell FE 1 9 foha|
91 1947 H G.B. Dantzig 7 T <& qui fafyr st fouersy fafy o5 79 9 ufes
%, 1 Gea o <t g WmE Henst i Wit Y § gol i shi G
fafy 2

e g fafe @ gRies % % o wRU § 1975 | L.Katorovich 3R
SRR U TSR T.C. Koopmans i 37¢f ¥ § Fidd R YR TR
T IREheT e STEvash WiTeaal oh STNTHA oh §1Y He &A1 i Sied qHee
o aer womE giaty o SEEn § ST 9hg 8 @R

O/
— ... —
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(WTFEreRaT Probability)

** The Theory of probabilities is simply the science of logic
quantitatively treated — C.S. PEIRCE %

13.1 95T (Introduction)

Ted i Fenel § g Wiaehar i fordt agfoos ulerm (S i
1 T3 ok Hfed B i STHf=adr &1 "9 o &9 H 9gl
oIl B ®E TGS T, siedmE (1903-1987) g
wifea stffedia gfteshion 1 Swm e o SR wiesa
1 TAeTU o gRomdl R gRaifia wem o ®9 H e
for om T TEEaen URomEl i S W OWifaehdr o
arfefedt™ gfteshion R Fenferel fagid (classical theory)
T Treherdr ot Tenfud o) off| 39 Tl o MU’ W g9
STHqq gfassl Tafte i SRl w1 Wi 7 &1 o 5o .

wiferar o an frem w1 off sterEA foren €1 39 stea o Pierre de Fermat

A TRt e st wufdae Wifdehdl (conditional probability) (1601-1665)

o 91 § fo=R 3, Safdh ot o= =2 o wfed 8F &1 Yo AR 99 1, 991 36
eVl STEHRUM i HEEd ¥ I51-THF (Bayes' theorem), FTshdl 1 0 T qen
Tores TSI oF o W WHES| §9 Agfeveh =) (random variable) 3R gHeh WIidehdl g
T ATVl STALURON 1 S THT qN el WiHehdl S o AIeA (mean) 9 TEROT o
IR H o 9| 1A o SifqH STIURT H B9 Uk oYUl ST Wirdehdl ded (discrete
probability distribution) o SR ¥ T&7 T5& fgug e el =1 1 36 3eA9 § g9
Theror o foer IRo™ SHEEe B €, S d%h TR eI 7 el T gl

13.2 Gufasier urtaerar (Conditional Probability)

Aeft 7ok T FRE e T WiTshdl [0 B R == w1 1 Al 7 foret yfaeet T
FI Y AN T e, @ F R T e o ufed e T e 1 g gEd e
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1 WITFehal T ISd1 82 ST 36 U3 o ST o [0 Ueh Frgieseh e W fa=m &t
fSEer aftom TaEweT B
AR o 1 <A (fair) Faa=pl =1 SO o W0 W faur wifew) 39 qdemon
WWWFQ%:
S = {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}

WWW%,W@WW#WW%@@W%W

FX Gehd &1 T AL E S “=Fad 3 fod gehe @17 SR F e ‘et faaes W
T2 yefyid g1 o el e 2

aq E = {HHH, HHT, HTH, THH}
3R F = {THH, THT, TTH, TTT}
By P(E) =P ({HHH}) + P ({HHT}) + P ({HTH}) + P ({THH})
11 1 11 s
5T TET Y
3R P(F) =P ({THH}) + P ({THT}) + P ({TTH}) + P ({TTT})
11 1 11
378788 2
o &l E N F = {THH}

gafeit  P(E N F)=P({THH)) = %

31a 7 Sife & o man @ fF vedt faesh W U2 ke e € stufq FeAF
Hfed g€ €, d S E 1 Wigehdl 1 22 Foh ¥fed g &1 gur1 W 7 fHfyed € 6
E &1 Wifehal 910 & o fore 39 gfasel fogstl W four ==t foan Smom 59 weat
fosreh W 2 Tl 1 ¥ E ok foIT 58 gee § ufaeel g S 9 sl 35Ul STaqe
F o1 791 81 379 i=dl W, 39 oifafien ger 3 e arqd o =g o @ fF g w6l
T UF -4 Agfeseh Tdervl oF &9 § 9UgHl afet forgent ufaest aafe shae 37 afomm
%1 Gg==d & S foF S F o 3T 21

37 F o1 o8 gfagel fog S E & ot 3l &; THH ©1 37d:
F o1 9fqeel ¥9fte AMd g o=l E &1 Wifoshdl =

N

- FmaﬁamﬁmwﬁﬁmEﬁuﬁw:i
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e E &1 39 WIFehdl o1 Sufdes Wiibed #ed &, ek 91 § {6 =ed F sfed
& 1 €, 3R 38 P (EIF) g1 <9Iid B

EFI%IHP(EIF):i

e HISTT 5 F o o ofga St 921 E o off e9ehel 8, E 991 F & 918 e7ad
e €, S E N F o wiagel fag 2|

31d: BH W E 1 Hufaay Wiiehdl, Siefeh 1 € b 521 F "fed € g1 € &
51 TR © @ L Gahd &

~ (ENF) ok 3T afasel fagei &f gt
PEIF) = F @ o7 gfaeet fagafi =i we

n(ENF)
n(F)

319 319 9 T HI Ufaeet wmle & stagel &t Fa gen § fawfaa v | ' e
2 f& P (BIF) %1 f1=1 yor 9 foman s 9% 2

n(ENF)
nlS) P(ENF)
P(EIF) = W(E) =D .. (D
n(S)

e Hifew &6 (1) aft 7= & 9 P(F) # 0 319iq F = ¢ (F017)

Id: BH WUlaaY Widehal &1 F=1 FhR § 9RwifE o "ehd €

uftwrer 1 9f€ Eqen Fied afeos wie & giaeyl gafte 9 gefd 9 g2 @
dl Feh wfed @9 &1 goA1 W, E &1 Wifasha fefefad 99 9 9 e 2:

P(ENF)
P(F)

P(EIF) = , St&fh P(F) 0

13.2.1 @afaaer gifiasar & T (Properties of conditional probability)
o o fF Edon Ffandh wfeeef wafie S &1 < weard €
uT 1 P (SIF) =P (FIF) = 1

PSP _PE) _,

T W@ ¢ % POIF) = L B =5
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_PENH _P®E _
oY & P(FIF) = B P® 1
37q: P(SIF) = P(FIF) = 1

0T 2 % A 3R B wfaeet g S 1 HE S 7 3R F T 3T Sl 36 TER
2 f& P(F) 20, 79
P[(A U B)IF)] =P(AIF) + P(BIF) — P[(A N B)IF]
foio &9 9, I A IR B WER S(9ers g2 8,
P[(AUB)IF)] = P(AIF) + P(BIF)
T W4 € T
P[(AUB)NF]

P[(AUB)IF)] = P(F)

_ P[(AnF) U (BNP)]
a P(F)
(W=l o WelfTs W Wiwer o s fEm gu)
- PANF)+PBNF)-P(ANnB NF)
B P(F)

3 P(AmF)+P(BmF) P[(ANnB) N F]
PP P(F) P(F)
= P(AIF) + P(BIF) — P(ANBIF)

& A dOT B TRER TUaSt @ at
P[(A N B)IF)] =0
= P[(A U B)IF)] = P(AIF) + P(BIF)
3: W A q1 B WER 3[9ast ST & @ P(A U B) = P(AIF) + P(BIF)
TUT 3 P (E'IF) = 1 — P(EIF)
T 9 EH 9a e P (SIF)= 1

= P(EUE)F)] =1 FHifer S=EUEFE’
= P (EIF) + P (EIF) =1 Fiifer Edem B W& 379est ST 2
Td: P (E'IF) = 1 — P (EIF)

3L 379 FH{J IIR |
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4

7 9
SETETU 1 AR P (A)= 3. P (B) = 3 FWP(ANB)= 3. P (AB) 9 Hife)
4
#o 77 S # 5 pAIB) =L AB) _13_4
PB) 9 9
13

IETETOT 2 U YRR | < o=df &1 IE F8 o0 8 o o=eil § @ W ¥ HY TH o=
AR B, Al Sl S o TG B HT A Wi B2
T HM AT p eTgeh 1 d g AIgeh! i T8l Hd &1 TH& &1 gfaeyl Fafe 2

S={(b.b), (g.b), (b.g), (8.8)}
M NS E den Fshawr: frfafaa seae i gud 8:

E:'SHi o= @igoh ¢
F:'a=ai § 4 %9 4 &4 0% o< ¢’

el E = {(bb)} 3R F={(bb), (g.b), (b.g)}
EC| EnF={(bb))
3 1
EGh P(F):ZaﬁIP(EmF):Z
1
_PENP) _4_1
Tfere P(EIF) = P 33
4

SETET0T 3 Ueh 990 H @ HE 1 ¥ 10 q% YUish for@ Y T M 3R S% el e
et T 39 T 9 T IS AgssA HehTen 7 A 78 9@ g fe e T
W He 3 9 e 8, O 59 G % U BN %] o Yiiaehdl 872

T TH ST T A T FiahTel T FIE W 99 98§ IR B Tl e T He
W HeN 3 9 981 8 &l fefua w3 21 gH P(AIB) 1 T Bl

39 e 1 yiey wEe 2:S={1,2,3,4,5,6,7,8,9, 10}

LiE| A=1{2,4,6,8,10}, B={4,5,6,7,8,9,10}

3R ANB=1{4,6,8,10)
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5 7 4
= — =—3ﬁT -
39 P(A) 1O,P(B) 10 P(ANB) 10
4
P(ANB) 4
ad P(AIB) = P(B) =170=7

10
IETETUT 4 T TEINen § 1000 faeneff €, f ¥ 430 wiefral €1 7€ 7@ 2 % 430
o W 10% Teihal e XILH Yl &1 o wiiieha € foh Tk agesan g1 e feeneft
well X1 H vgdl © 9% 78 3@ ¢ & o e famef @t 22
& M ST B o2 argesen 51 e fonedt wmen X1 H ued 8 SR F e ages
<1 T fernedi gt B, @i oA wd 81 W P (EIF) T T 2
430 43

CE| P(F) = —— =043 3R P(ENF)=——=0.043 (H?)
1000 1000
P(ENF) 0.043
qas = = =0.1
PEIF) P(F) 043

IETET0T 5 Tk U9 i dF 9R SSMeH & GO0 § ¥ A 941 B & = TR 9
Rt feman o 2

A 'TE0 3B W G 4 Yhe BFAT
B : ‘Teell S8/ W TEA 6 3N O S8 | G@ 5 Yehe el
afz B &1 wfed g1 & e €, A e A 1 wifdehar T st

T Wiaesl wafe | 216 9Rom €
3, B = {(6,5,1),(6,5.2), (6,5,3), (6,5.4), (6,5.5), (6,5.,6)}
(1,1,4) (1,2,4)..(1,6,4) (2,1,4) (2,2,4) ... (2,6,4)
A= {(3,14) (3.2,4)..(3,6,4) (4,1,4) (4,2,4) ... (4,6,4)
(5,1,4) (5.2,4)...(5,6,4) (6,1,4) (6,2,4) ... (6,6,4)

3R ANB={(654))
6 1
EC| P(B):R@'ﬁ'{P(AmB):R
e
- P(AIB) = P(ANB) 216 _1

PB) 6 6
216
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SETETUT 6 Tk T 1 & IR ST 41 3R Tehe g8 WSt 1 AN 6 U T S
4 o =[Iq9 T&h IR Yehe B i FUfaay TIehal F1d it

&l UM ST E 5 ‘S8 4 1 a9 Tk R Yehe g1 SR FEeA S Tl W
Yehe TS 1 AN 6 B I U B

GE] E = {(4,1),(4,2),(43), (4,4),(4,5), (46), (14), (2.4), 3.4),(54), (6,4)}
3R F=1{(15),(24),(3.3),4,2),(5,1)}
‘ 11
zﬂ@m%%P(E):%, P(F) = 3¢
g ENF={(24),42))
3@ P(ENF) = 326
3Td: difsd ifaehdr
2
_PENF _36_2
PEIF) = — F 5 s
36

Af qh T 3 TN W foaem fomen © forer wedt aRtoms guEere € g7 wheon
& fou v+ wufgey wifedar <1 oRsfid forean 21 qenfu gufqes wifrear =1 @&
TR, Sues w9 9, 39 fafq 7 ot v w1 s wehdl 8, Sa Wifes e gagre
T il WifEekdet P(E N F) @ P (F) %1 9Rehe a8q@R fehan s 2
3Ty, Frefafed 33w 9 38 |9mE|

IETET0T 7 U T9aeh &1 IBle o e W faeR wifgu) 3t fages w— faq yee @
@ faer &1 I I8Te R I Haeh W 92 The & @ Tk 9™ il Hoh| IS = '&wH
Y FH Tk U2 Yehe AT 1 Hied e A e ® (H,H)

T ‘U W 4 § 9 T@ Yk B T qufae ﬁa(H)
WIfaehdl T SHifeTg) (HsT)
zo e o ufomdt & fe 131 9 e feer W

Hehdl 21 T YR o To5 ! JaN@ Hed 2|

(T,Y

(T,2)

Tz (T) (T,3)

e 1 giaee! geie 2: gg
S={(H,H), (H,T), (T,1), (T,2), (T,3), (T,4), (T,5), (T,6)} ITFRT 13.1 (T,6)
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el (H,H) =witar & % 39 Somil W fad wee g1 8, aen
(T, i) TRl & o Teell S8/ W 7 Tohe gl iR T 4, ﬁa@ﬁ
I Thehd W HE&AT | The TE
ad: 8 Hifers =S (HH), (H,T), (T,1), (T.2), U4
111 1

(T,3) (T,4), (T,5), (T,6) 1 HATT: VAVRTRTE w2 (T)
111

EUTULL lzmﬁmﬁﬁﬁﬁﬁmﬂﬁ% S T

o= 132 9 = 2l TRt 13.2

HH o F ST =IAH T U2 Yehe e’ 3R E T
‘U8 W 4 9 €1 @A Tehe B’ i 9 2

Ll F={(H,T),(T,1),(T.2),(T.3), (T4),(T,5),(T,6)}
E = {(T.5), T.6)} 3R ENFE = {(T,5), (T,6)}
SEl P(F) =PH{HD} + PHTD}H + P {(T.2)}) + P ({(T.3)}) +

P({(T4)}) + P(T.5} + P({(T.6)})

T4 012 12 12 12 12 12 4
1
i PENF)=P{(THH+P{(TO)}) =7+

2712 6
L
o P(EIF) = %;;Fk%—%
4
| wommarett 13.1]

1. IS E &Y F 39 YR &1 =g € f& P (E) = 0.6, P (F) = 0.3 31X
P(ENF)=0.2, @ P (EIF) 3R P (FE) 91 sifsw)
2. P(AIB) 9@ sifSg, =g P(B) = 0.5 3R P (A N B) =0.32
3. afRP(A) = 0.8, P(B) = 0.5 3R P (BIA) = 0.4 T sifsQ
(i) P(A N B) (i) P(AIB) (iii) P(A U B)

4. P(A U B) 9@ =ifsg =g 2P(A)=P(B)=% R P(AIB):E
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I P(A) = %,P(B): % aﬁIP(AuB)=% EISACA I
(i) P(ANB) (i) P(AIB) (i) P(BIA)

fr=fafed w97 6 ¥ 9 9% P(EIF) I sifsml

6.

10.

11.

12.

13.

T ek W1 i 9N ST T e
() B: 990 S8 R faq F: wgell <A1 S/l W faa
(i) E:=qFam < faa F: sfyehad t& f=a
(i) E :ifashad g e F: =Jiaq q 9
T Toepl &l TH R SO T R
(i) E: U fodeh T 92 Yehe Bl € F: T Toeeh T foq wehe eran @
(i) E: % 72 Jhe 7 eial ® FlE foa yehe & g &
T U I A SR I TR
E : T 381 W G@& 4 ke gl
F: 9gclt < Sl W A 6 T 5 Yhe B
o Ui fo o wma, fuar o ¢ e we €
E: 9 @ il @ @ F: foa 79 o w2
T Tl 3R T e G I SSel T R

(a) IO T YW G&AS HT AN 9 TH i Fufaeel Wikl Fq Hifee Jfg T8
A & foF Il T R 5 ke R B

(b) UE W YT F&A HT AN 8 TH i FUfasel Wikl Fq Hifee A T8
I B T ol U W U e 4 9 %Y B

T =174 U9 I S9Tell T 1 MeNst E= {1,3,5), F= {23}, 3G = {2,3,4,5)
% fau fr=afafaa 3@ Sifea:

(i) P (EIF) 3R P (FIE) (i) P (EIG) 3R P (GIE)

(i) P (E U FIG) 3RP (E N FIG)
T of foh S oH oTel ST= <1 iSR! A1 TISeh! BT TG €| 9% ferdt afier
o g ool €, l S STeel oh igeh! B i AWl Wifdshar A ®, A g8 fEam
T 5 (i) TSI seal Sl € (i) FAdH Tk ool Aga!
T f¥IeTsh o U 300 T/ YR oF ST U9 200 T/3TA YR oh
e U9, 500 Tg-Tashedid FehR o STEM ¥4 3R 400 Tg-Taswedid YR o
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e T 1 HUE B AR I o WIE W Uk U AgesAl I Sl €, A Th
3T U9 i ag-Toshedia BH 1 Wifdehdl =1 8RN 2

14. 2 fen T ® o6 < i e Wy e - 21 SF demst @
A 4 BH Ht WSS Fd i)

15. U U & % o 00 R foum #ifsT) afs a8 W Yehe 9@ 3 & N
2 @ U A T Boh SR A g o We Y ¥l Uk THeeh &l 3o |
AT AT T T W F&AT 3 The B R T ® | oo  faeeh W 9e wehe
M’ 1 gufasy wifehdr I it

St GoST A A e i ) e )

16. 3l P(A) = %,P(B)=OT‘W P (AIB) 2

(A) 0 (B) % (C) afkefoa =2t (D) 1

17. afe A 3R B3 5ot 39 YR 2 f P (AIB) =P (BIA) £ 0 da
(A) ACB (B) A=B (C) AnB=¢
(D) P(A)=P(B)

13.3 WTfaehdr T RIE = (Multiplication Theorem on Probability)

M ofifSw 6 E den F U wiasel wafie S &1 < vedd §1 wedd wqeed
ENF S sesi EqeF oh sfed e ol <uiiar 21 37 sl § ENF seetl Eqen
F o T9q §fed 8 ol <id 81 921 E N F 1 EF +t feran S 21

W BH TG ST EF 1 Wfehdl 10 3 1 TGl gl 81 SI0 o forg,
T o 91K TN TN FRTe o e ¥ ' fag geT ‘T eene o Th T R
Wikl T1d Y | 3o € Tehd 81 AT EF o1 WTaehal T hid oh foTq ex aufas
WIfehdl 1 SUAT I € S fom A fe@mEn e R

T M ® T e Foh foU SM W uedl E &1 g9fqad Wikl &l
P(EIF) 511 <91id & @R 38 frefefed 9o 9 o 3 2l

P(EIF) = %,P(Fﬁo

IR uftomw 9 89 fog g% © 6
P(ENF) =P (F). P (EIF) (D
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T g ff 9 © foR
P(FIE) = P(If(;)E) ,P(E)#0
_PENP) . ~
7 P(FIE) = PE) (FHifs ENnF=FUE)
ar: P(E N F) = P(E) . P(FIE) (2

(1) 3R (2) ! e ¥ &4 W 2§ fF

P(E N F) = P(E) P(FIE) = P(F). P(EIF) 5@ % P(E) # 0 3R P(F) # 0
ST qROMH i Wil 1 UM FrEm’ wed € TRT U SR |
SETET0T 8 Uk Heasl H 10 el iR 5 G 78 €1 3 1% Tk o «1% Teh Fehrell St

& 3R veell 1T SR o b | Ueel avd T W@ Sl &1 6 it o shere |
T gk S 1 bt Gagared ®, df <M sl 1% Feher 1 1 wifdshdr 272

%ol A o E ‘Teelt wieft g o fsher’ 6t 9o @ IR F @l el g % e
&1 ¥ 81 B P(ENF) @1 P (EF) 910 HT 8l

o o . n ol N 10
SCl P(E) = P (Jeeit fartel ° el 75 fHehter) = T

w1l & fean T ® R veelt el o el 11 fehell @ ereiq e E wfed € €,
79 HETA § 9 HICA g 3T 5 WS 13 1@ TE ¢ SHAT, T g FIedl B T fahar
e foF geell T 1 el €M1 B A €, 9 iR Tl had F 1 "ufae qifdshdr @
& E 1 Sfed 8 9 2

ESRIGE P(FIE) = %

31a qifashel ok UM I gR e we B ©
P(ENF) = P(E) P(FIE) = P(E) . P(FIE) . P(GIEF)
10 9 3

T4 7
3 & 3iferen g2 o feTq ekl @ T U FEw Al E, F 31k G % wfasel gafe
1 AT 7

P(ENFNG) = P(E) P(FIE) P(GIENF) = P(E) P(FIE) P(GIEF)

T YRR faehal o6 U 99 &1 faeaR =R a1 stfies seisti o fore ot fopan s wehan
2| freferiiaa et diF seeli o fore wiftrendr o UM e o geid Wed e €|
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TETET0T 9 52 Tl 1 T8 WE Hel TS TSI | ¥ Th o 9% Tah o4 I fo1 wfaeenfua
T feTel U TBel S TN W1 ISR R ATER T SRt B Shi SR WITHehdl B2

T HH o T K 512 THehTel T U1 SE9E © ' W ST A S ¢ fHehTen T U Sekn
2 & e F ol T 89 P (KKA) 9@ &G 2

3« P(K) = 5

T € P(KIK) 78 10 €H W 5 ‘Ul Fehren T qe1 SIR9E € R g T
AEINE BH HT TRl 1 <91 81 o1 TS § (52 — 1) =51 T & 5 & aewme @

Tgfaq P(KIK) = 31

Fad: P(AIKK) dT&r fehTel 71T I a1 SofenT BIF o1 Woide®] WifTehal © S foh &8
T & o <1 S1eemE ved € feeel ST g €1 ot TEEl § 50 Td W@ T @

zafey P(AIKK) = P(AIKK)=5%
Wigehdr & oM e N W U g © fR
P(KKA) = P(K) P(KIK) P(AIKK)
43,4 2

52 51 50 5525
13.4 T@ax g2d (Independent Events)

52 Wl w1 et H W U uw FreRler o wdiern W faeR ity fed yeiw difas
T i THEHEE HAT T €| 4f€ E a4 F e ueaet Cfenten @ uwn fael o
2" SR TehTen T U U SR B 1 e & ©, dl

13 1 4 1
PE) =573 TP
Y € ‘E R B’ e fehten T uw (A€l 1 ek €7 %1 oFe Sl €, S
1
PENF) =
1
: _PENPH_53_1
1d: PEIR) =~ & T3

13
WP(E)———P(EIF)zﬂmm%ﬁmFéaaﬁagﬁaﬁwﬁm

Eaﬁmﬁmmﬁiumqﬁ@w%
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T 7 off W € T
1
P(FIE) = P(f (;)F) =%=% — P(F)
4
T P(F):%:P(FlE)w%ﬁmEéaaﬁaaﬁaﬁxﬁm%m F I
WiRehal W IS WHE el STl 2

31d: E d91 F30 R &1 5 € 5 fordlt T o1e o wifed e 1 g=e1 Sodt e
1 Wehdl W IS 99 &l Srerdl 2

T YR H1 TS F @A geAE Fed 2

Tftarer 2 9 e E 9 F ol Tas S %hed € A
P(FI E) = P(F) S9! P(E) #0
P(El F) = P(E) Sl P(F) #0

37d: 39 R H P(E) IR P(F) 1 YRR 81 699 €l

319 WIfaehal o o M 9

P(E N F) = P(E) . P(FIE) . (D)
IfE E iR Feads wed ef df (1) 9 &4 W e ¢ TR

P(E N F) = P(E). P(F) . (2)

3d: (2) o SYAN 9 TH I HARA i Waadl i (EfatEd we 9 o gt
F GHd B
aftarer 3 AE of E iR F et agfess qdemn o gfaeel gafe &t 91 e 8,
E 3R F @3 Ted gt § afg
P(E NF) =P(E) P(F)
feugoit

1. < WA EQeNF %! WIf¥d (dependent) ed €, 9% o = 7 & ereifq af
P(ENF)=P(E).PF)

2. wfi-sefi T e SN TR erest HeAre % dw 9w ey 8 W gl
‘Tors SIS T AR SIS 1 Wiehdl’ o w9 H & TE § 5a T I
FTuasll HeEl’ w1 IR ‘el o ®9 W H TE T IHeh SR, WER
et sreet § g off ufiomm @rd weifa T € g © g e e |
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oftomy wré ot 8 TR §, 9% Toe He e 71 TIRdd s HeAn 3R
e STgerst s wEEef 7 g
TR Rl H, A < U e s sedl € et g IR €, @ 98 WER
aTTerstt FEf & Wehdl €1 foetma: afk < Y WiHshdr el WER Tvest gt
Al €, dl 98 T@as T8l 8 Hehdl B
3. < aEfess T Wds wEdn €, 9 Yois ¥ I E 3R F ok faw, i E
e THe @ g F g e 9 Heifed €, sesti E e F o T 91y "t
B 1 Wk, ST S TIe0T G TRy S, WiireRal P(E) 3R P(F) o ToH%e
o R Bl ®, TSRt afieher ST T0e0N o SR W STer-3TeT fhar S
21 1A P(ENF) = P(E) . P(F)
4. & =S A, B 3R C ®I s F@l 9 @ A 3R had A
P(ANB) = P(A) P(B)
P(ANC) = P(A) P(C)
P(BAC) = P(B) P(C)
3R P(ANBNC) = P(A) P(B) P(C)
I I | § %9 9 %9 TF Hf vd T T8l B © q & T s ) wan
& el S B

IEMETOT 10 ek U o1 Teh O ISl ST 21 5 I8 T Yo &A1 3 1 799
2, E 9 3R ‘U9 W I e |9 ®', %1 F 9 fefud feen Se d ard s s
E 3R F @67 87

o1 BH SMd © T 39 qiieror =1 gfaeel @afte 22 S={1,2,3,4,5,6)

CE] E={3,6},F=1{2,4,6} 3R ENF={6)

2 1 301 1
Ll PE) = ==3, P(B)=2=- AN P(EN P=—
TR P(E N F) = P(E). P(F)

3/: E 3R F @dsd "¢ ¢

JETET0T 11 Teh MM (unbiased) 99 ohi T SR ST &0 HH & A ST ' Ugall
IoTe W favm e g g’ 3R B we ‘it et R foavm e g g guid
2| T A 3R B & W@ &1 qh&0 S

Tl afg |t 36 Hifcrs sl w) GEEST T o df
1

18 1 18
(A) %2 3T P(B) 362
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e & P(A N B) =P (3 3=Te ¥ fawm Hen g gim
_ 9.1
36 4
I P(A) . P(B) = L.
22 4
T P(A N B) =P(A) . P(B)

31d: A 3B @as w2l B
IEET0T 12 A foeepl =61 I8Tel T 81 WA o E s CdH fad @ dF ue wrw g
IR F ¥ =Aag < Fod 9 21 SR G e ¢ sifushan <1 e e e Rl fefaa
%W €1 T (EF), (E,G) 3R (FEG) W hiA-shi1 | w6 €2 SH-HH ¥ TiHa &7
T weo w1 yiaeyl T ®

= {HHH, HHT, HTH, THH, HTT, THT, TTH, TTT}
et D E = {HHH, TTT}, F= {HHH, HHT, HTH, THH}
3R G = {HHT, HTH, THH, HTT, THT, TTH, TTT}
1y gl ENF={HHH}, ENG={TTT}, FNG={ HHT, HTH, THH}

2 1 4 1 7
gty P(E) = FEs P(F) =37 P(G) =3

PEENF) = l ,P(ENG) = éP(FmG):-

111 1 7 7 17 7

WA PE) . P(F) = ;X5 PE) PO)=x §=—3ﬁT P(F)-P(G) = xg=1c
3 P(E N F) = P(E) . P(F)
P(E N G) # P(E) . P(G)
3R P(F N G) # P(F) . P(G)

AT T2 (B 31X F) T3 © Sieeh! St (F 31X G) 31 (B 3R G) TUiE 2

20T 13 Tag HifSY fF 9f ERFS w6y 92| € @ B SiRF i Tords =i
T Hife Edu F ey 8, gafau
P(E N F) = P(E) . P(F) (D
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o1 13.3, % 99-31@ § 98 W ¢ T ENF $IRE N F oW 31vesi € Ik @y &
E=(ENFUENF) ) S
Fifh ENF 3RE N F R et ¢, B oF
ESilY PE)=PENF)+PENF)
R P(E N F) =P(E) - PE N F)
=P(E) ~PE).PE) (DF | (BNF) — X5~ (E'NF)

=P(E) [1 — P(F] 3meRfa 13.3
=P(E) . P(F)

37d: E 3R F a9 ¥ 2

ﬁwwmﬁmm%ﬁaﬁ

(a) E @1 F @dd &
(b) E de F T&ds 2l

SETET0T 14 A% A 3R B s W20 € df A9 BH @ <[aH Tk o € 1 Wikl
= 1- P(A") P(B")
T P(AMBH ¥ =Fq9 TH & &) = P(A U B)

=P(A) + P(B) - P(A N B)

=P(A) + P(B) — P(A) P(B)

=P(A) + P(B) [1-P(A)]

=P(A) + P(B).P(A)

=1- P(A") + P(B) P(A")

=1-P(A") [1-P(B)]

=1-P(A") P (B")

[ et 13.2]

1. I P(A) =§,P(B) =§ AR Aden Bds i € @1 P (A N B) F@ SIfSU

2. 52 U9 1 U TSt § W AgusAn T gfawenfud few e St o feker T S
Tl o el TT 1 B hi Wiehdl AG hitad|

3. R & Us fesd 1 e 399 9 9 Gad i agsan famr gfaeenfia feu
B FehTet e feopann Stran 81 afg i Fieprel 7T o 318 @ di fesd w1 famt &
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fou wefiepa feran Sl @ er=en srefiohd Y 30 B U fesan fogd 15 HaX @
59 9 12 o3 9 3 TUE R €, o fohl o foIu wiighd 8 w1 Aifehar =
it

T = Tept &R U AT T8 ) STl T "E o A S faees W) faa
Tehe BT ©' 3R B WA ‘U W U@ 3 e Bl © ol TErd & § e
FIfST fF Tt A i B @ds & o1 7eE1?

TH T W 1,2, 3 ¥ SR 4,5,68 0§ for@ T €| 39 U9 H el
T A W A HeN 99 2 SR B HeT CHe o U1 9 forel T 2, @
frefua w3 g1 F A 3R B @aT 872

AA o EQeNFe 5210 36 TR © 9 P(E) =§,P(F)=% ﬁIP(EmF)=§ﬂH
FE de F&&as 22

A 3R B U& el & W € sl P(A)=%,P(AUB)=§H%‘H P(B) = p.
p 1 HE FE SIS 4 (i) TN TR et g1 (i) St s B
UM o A 3B @65 w0 © 921 P(A) = 0.3 3 P(B) = 0.4. a9

(i) P(ANB) (i) P(A UB)
(i) P(AIB) (iv) P(BIA) S shifs
ﬁTﬁWﬁAﬁTBQ@%,HﬁP(A)=i,P(B)=%3ﬁ'{P(AmB)=%?|EI

P(A-TEl 3R B-&Y) wd sifs)
mﬁAamba‘srawﬁ%aﬁw(A):%amP(B):%afﬁt P (A-7&1 &R
B-&l) =i.aa1 A 3R B T@ds " 27
A 3R B a3 e & T SEl P(A)=0.3, P(B) = 0.6

(i) P(A 3R B) (i) P(A 3R B-T&Y)

(iii) P(A =1 B) (iv) P(A 3R BH &g o 7&Y) 1 wF 71 sifsu
T U ! d19 91 STl Sl ® 9l 9 G FH TH 91 a9 G@&H g 8 hi
ifehal Ad it
3 e T afeq 9§ foa gfeeenfua foru freprelt St 21 afd § 10 et 3R 8
oA TS 7 WAkl F1a HIC (i) A S AA B (i) FH Rl T S A
2l (iii) TH el a0 O @A
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14.

15.

16.

17.

18.

Tfora

T ey THE 1 A 3R B g @as €9 § g F H GIFRAT w9 %@ﬁ?

%%lw&ﬁ,wﬁm@,wwaﬂ#aﬂmaﬂﬁ%,aﬁmﬁwm
Hifse fR
(i) O TA B W ©
(i) STH U deFd: HIE TH YIS T HL Ol 2
AT ok 52 Ol W1 T G TEEl @ Uk W Agesdl HehTen St 81 et
o 9 fop <oneti § weAd E iR F w6 €2
(i) E: “Fepren T oen gH 61 €
F: “fehten T o= geen &
(i) E: “Fepren T o= e O w6 R
F: “Fleptell T I T 9R9E ©
(iii) E: “Fiepten T U1 Uk SIEIME A1 TH 9 @
F: “FierTell 1 U= Tk 9TH A Tk e 2
Tk IEEE | 60% femnef &t &1, 409% 1S 1 3R 20% A AR Ted B
T BE1 I AG=SA I S 2
(a) WITeRel S1d HitSg for o 7 o &t o = €1 il 1 3r@er vedl 2|
(b) ¥ o8 &t 1 STEar Yl © 9 SHeh SIS 1 S@ar i ugd el B
1 WIfehdl G HITST|
(c) 9 =8 STUSH &1 SFEaR Ygdl © df SHeh et &1 T@ear i ugd el B
EIRIPET I ESIGEETIS I
e UGl 1 Tk SST STl Sl € dl Yeh U W EH 9T WAl WK i
1 Wi frefefad § 9 1 272

0 1 o L 1

(A) B) 5 © (D) 3¢

3} TSl A 3K B I WER WAd ®8d 7, IR

(A) A 3R B TER AIGT & (B) P(A’B’) = [1-P(A)][1-P(B)]

(©) P(A) = P(B) (D) P(A) +PB) =1
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13.5 ST-WHT (Bayes' Theorem)

A e fF & 9 13RI T U €1 gen [H 2 9% 3R 3 o 12 81 3R Sen
¥ 4 T 3R 5 o e 21 forelt wh 9t o 9 W 7% Argesan Fehrell St €1 g

forelt Uk At 1 g BT WiRA %mwm%mwmﬂ%(mﬁﬁwb
H 9w faeie @1 (9 o §%) e i Fepter 1 wifierar off 919 9 S B 3=
yieal 4 g forelt gt 1 & g Fepter w1 WifeRal 9 o Fehd €, I & e fao
T Bl TR TR -0 O W Feprelt T ©1 Wfh o B9 TH 91 i Wifdshdl T e
Tehd € for 1T ol o et (W o Sren-10) @ Fepreft € € afg g febredt T T
1 W1 T4l B2 TRl BH Se-11eh T 1 Hiaelid (reverse )Wkl Fd Al 8 Sefeh
THH 1K T el S 1 g6 I 71 g TR Wi o o gfaar Wi 9w
FT AL HT GUHE sy Wiawar o ST g AT €1 Sk gRT SR T g
‘S-EE o W W ST ST @SSR Gl 1763 § Wk g ol SN e
o HOF o YA U Ud SMET Uk qRm 3R $e g qiemml w feer it

13.5.1 Uk Gfdest gufic &1 a9 (Partition of a sample space)
e E L E, ... E & = &1 gfaeet gAfe S o faursm & fef s € Ak
@ ENE=¢,i#jij=123 .n
() E,UE, U..UE=S7du
(¢) P(E)>0,%% i=1,2,.. n% faq

T o H, ¥ E L E,, ... E, Wfacel wafe S faume w1 frefa st 2 af
A T SEIH €, THU § AT SHh! AFhar YR 2

SSEUA: B9 3Ed € fF I USAE IR SURI T ¥ E’ ufdsel gHfe S %
faursH € @i ENE =¢ IR EUE =S.

I-3@ T 13.3, ¥ T9 A ¥ YaIvr T Hehd ® % A B 3R ferdht wfaesd
Tufte S, o W &1 & TN €, @ {(ENF ENF} 99==4 E &1 T fa9se 2

wg==9 {(EENF,ENEENF} ¥9esd EU F & T fa9mse € iR aq==d
{(ENF,ENEE NFE NF} gl gfee S & & fausH 2

e &H |yl wifehn 1 w1 fag
13.5.2 @YUl Qifaekar @t 98T (Theorem of Total Probability)

79 & (E,, E,,...E ) Uiyl gAfe S, %1 & favem # ok W o % g
SeAE ,E, ,....E ® JIfasal =A™ 8| 79 dffae A gfasei wafe & 91 T

Rationalised 2023-24



434 wfora

el ©, 94,
P(A) = P(E,) P(AE)+ P(E) P(AIE) + ... + P(E) P(AIE, )

= Y P(E,)P(A[E))
Jj=1

suufs f&an 0 @ 76 ELE,, ..., E, 9foee! "t S w1 weh fawse @ (ot 13.4) 3afem,
S=E VEU..UE ..(1)

R ENE=0Vi#jij=12 ..n
Y 9 © foF foredt meA, & fou
A=ANS E, E,
=AN(E, UE, ..E) ——

=(ANE)UANE)U..UANE)

WA TANE, SiRANE, FA9: T B, IR E, % Suaqe € sl i # j, = fog
IR € T i), ij=1,2...n% T A NE 3R ANE, i eI €
ERISIY P(A)=P[(ANE)U(ANE)U..UANE)]

=PANE)+P(ANE)+..+P(ANE)
S P(A N E)=P(E) PAIE) Ff% P (E) £ 0Vi = 1,2,..., n

wigehar & oM e 5 gn S § R
zafery P(A) = P(E) P(AIE) + P(E,) P(AIE)) + ... + P(E) P(AIE)
el P(A) = ZP(E].)P(A|E].)

=1
WW%WB&%%#@WMW@WW%WﬁﬁW
0.65 1 TSdIel 7 €H 1 a1 ggaret gH &1 feafaa o fafo & o geamar qof
B 1 WIfFeRard sHer: 0.80 T 0.32 €1 Fafor vl o gHargEr qof g 1wt
BIGRCAISI
Tl UM ofifse f& ‘fmfor e & geagar gof 89 6t s # A SR Cegdret g
1 w1 H1 B gR Frefua foran S 21 86 P(A) 91 T 1 B 9 €
P(B) = 0.65, P (8gared &) =P(B")=1—P(B) =1 —0.65 = 0.35
P(A | B) = 0.32, P(A | B) = 0.80
ifer A B 3R B’ WAfte W= o fawsH & gafee §qul gifehal w6 g
=P(B) . P(A | B) + P(B") P(A | B")
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=0.65x%x0.32+0.35%0.8
=0.208 + 0.28 =0.488
31d: fmfor e THaEr qof eF T wifaskdr 0.488 R
319 TH IS1-THT 1 GRA HAT aA 36 G5 Fw3
ST-UHT (Bayes' Theorem) af€ E.E, ..., E 3 e & S T ufaeel gufie s
% fass 1 0 S § i E L E, ..., B, T SHIH € R EUE,U .., U
E, =S 3R A®E Tt s ¢ fowet miaswa ym 2, @
P(EJA) = nP(E")P(AlE") ,i= 1,2,3, .0
P(E,)P(AIE))

j=1

suufa &8 9 ®
P(ANE,)
P(EJIA) = TA)
P(E,)P(AIE,)
=" Py (IRt o TUH fEE &)
_ PE)PAIE) (&t PR % Frm )

P(E;)P(AIE))
j=1

C gew R s A e v B S e
ElEﬂTSﬁEI, E, ...En"ﬁ qfehead (hypotheses )F&d 2l
P(E,) 1 YRehed™1 E &1 JaIeid (a priori) WAl %8 €1 QUfdes Wi
P(EiA)Elﬁ gRe Ei"ﬁ WA (a posteriori) Wkl Fad 2l

o Y 1 ‘SHRON T WA 1 G o e S €1 iR E, viaest wmfe S
% Tk faurse @1 i wd € sHfee seet E ¥ ¥ Uw 99 § U SR dhed
T € fed et © (SFQE, § ¥ A UE € He Hedl € 3R UF ¥ s T ue
TRl ©) 3T: S Y TH HE ORI B, (14 Tk HROT) T Wiashar < € SEfh
TS A T Hfed B fean T R

I51-794 *1 fafay aitferfl & swafm 21 e @ 59 = Frefafaa sseon o
T fa T R
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SEETOT 16 O [ 11 By €1 9 1§ 3 ol 3R 4 wreft 1 € 59 foF 9 11
T 5 el 3R 6 el e 2| fordl Th el | 9 Agesd T 1 (et 7 € S fe
e T 1 21 3H 91 i A Wiiehdl € T 7 1E 9 11 9 fehredt T8 €2

T 9 151 999 e B E, ¥ SR 9 115 =9 ®1 B, AW wifs) W e fw
e 1 1 g ke 1 ¥ w1 A9 e w3 2

N | —

GE P(E,) = P(E,) =
WA & PAE) =PERIH § @ 0 &1 = ferer) = %

R P(AlEZ):P(%IIﬁ@Wwﬁﬁ?W):%

3@ AT § W5 e &1 gIfawal, 59 & 98 71d & f% 98 o O
&1 € = P(EJA), 39-T99 51

1.5
P(E,JA) = EATNE,) S Tl TR~
»7 T PEDP(AIE)+PE)PAIE,) 1.3 1 5 68
277 211

SETETOT 17 6 i fess I I 3R 111 Y e € el geie o < foeen € fosd 16
AT Toeer |F o 2, fesd TH <M foeer =fel o € 3R fesd I H T 9F 3R T
=7el o1 Teept 1 sk AT Agmsdl U fesa IFa1 @ iR Sud 9 A= T e
fehrerar 21 afs faeht @R 1 2, 1 39 S1d ST F Wigekar @ fw fesd ® qo1 faaen
ff G 1 & B2

T AH A E, B, 3 E, %8 fead | 1R 113 == &1 frefog & 2

1
GE] P(E) =P(E) =PE) = ,
e & IH A AT FekTen T faeet 9 @1 2 W <wid 2

LiE| P(A|E1)=P(%®1@@ﬁwfaaaﬂﬁwm):%=1
P(AIE) = P(fessl 11 ¥ &M o1 Tk Toeeht feher) = 0

P(AIE,) = P(fesd 11 ¥ | w1 fosrht ke = ;
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319 fesd o goU faem o 9 &1 B9 & Wik

= faTen T 9 1 faeent fess 19 8F &1 Wi
=P(E IA)
9 -9 g
P(E,)P(AIE,)
P(E,)PAIE,)+P(E,)P(AIE,)+P(E,)P(AIE,)

P(E,IA) =

IEEI0T 18 AH o foh Uk T qdieqor &) favemiean fefafed ger 9 ffde
H1 T 2

LML A, TiSifed safaal o forq wdieror 90% Tar @ SR 10% Tar 7 @
o gyH g1 TE.STE.l. ©§ wds sAfad & foru whaor, 999% Wel udl orlal § A T,
3.4 Tfea aard § SafEk 1% wifaa safwm o fag ve.erd . dsifed aamd 21
I SHEE, TEH 0.1% =t e, 7 8, § 9 0% = agesd 9 S @
3R 39 1 T foma SR W AR TELeTE A, i Suftefd adrdr 81 s Wi
2 fr 9 =afe o § wEaEA. (dishfe) 82

&1 UM o B9 T Afed o arkdd  TE.STE Al uisiied e i el 3R A st ok
T g Al Thert § disifes g S He i g3 21 eH P(EIA) I I B

e G E 9 T Al o LS A, Wsiied 7 8§ i S S <uin

Tedd {E, B’} SHEen o gt safeal o gfasel wite &1 T fauee 21 ed w @

0.1
P(E) = 0.1% —ﬁ-o.om
P(E’) = 1 —P (E) = 0.999
P(AIE) = P (=aferd o1 whieror ® w=. a7 e, drshifea e stafs fean mn @ fF o
are § TSR AL disifed ©) = 90% = %=0.9

3N P(AIE) = P (safe o1 weror ® w=.emd.efl. disifea gui s fo fean won @ fo
o8 IrEde § TSR aisifed 78 8) = 1% = 0.01
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9 IF-YHI g

P(E)P(AIE)
P(E)P(AIE)+P(E)P(AIE)

P(EIA) =

B 0.001x0.9 90
~0.001x0.9+0.999x0.01 1089

3Td: Tk A=A T ¢ Al o areqd | TSR, shifed gF i wifehar s
fop o € o SEeh wE.emE . Tdero disifed B, 0.083 €1
SETETUT 19 T diee oM o HR@H | 7iH (F39) A, B 3R C el SIS 1 Haw:
25%, 35% 3R 40% e A €1 57 A % SR H1 HAN: 5, 4, AR 2 wfawe
i TR (Ffeqel) € diced & Fel SR § ¥ T sliee A dl et S SR
o€ TS U Sl €| SEehl o Wifdshal € T 9 siee "I B gRI SHET TR €2
& A fen &% weTd B, B,, B, 1 wahw ©:
BI:WWAWWW%
BZ:WWBWWW%
B3:WWCWWW%

T g foF wed B, B,, B, WER T9asit &R qRqul €1 w fern f e E f=
Hh1X %Z E dlee @d %l
e E, Ses B, B, A B, % Wl wfeq Bt g1 e

P(B,) =25% = 0.25, P (B, = 0.35 3R P(B,) = 0.40

T ; P(EIB,) = dice & @Wa 81 %! Wifaehal @ fo < 81 foF o w=fA B g1
EIEG]

=0.083 (TT19)

=5% =0.05
¥l ¥R P(EIB)) = 0.04, P(EIB,) = 0.02
-9 5 BH AW ¢ fE

P(B,)P(EIB,)
P(B,)P(EIB,)+P(B,) P(EIB,)+P(B,)P(E+B,)

P(B,IE) =

0.35%x0.04 ~0.0140 28
T 0.25%0.05+0.35%0.04 +0.40x0.02  0.0345 69
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SETETUT 20 Teh SRR i Tk UM 1 @ A1 €| T8l o el § 98 7 € %

I ¢, 99, TheX A1 fRE T aed ¥ S H1 Wiushand sy %,%,%m%
%aﬁ%%,wmw@m%aﬁmﬁ@mﬁuﬁaﬁﬁmzié,m%

2, Wq Rt o= oA ¥ o W SH R T Bl B A 9% W F o, A sueh A
Y AN &I Wikl A wifaw)

7ol O oifee fF ‘el & Tl o F"T X F M’ HY T BRI AR SR ok A,
I, WpeR A1 fH o1 a8 gW W 1 wed wAw: T, T, T, 31 T, &1,
2

3 1 1
P(T) = E,P(Tz)—g,P(TQ—ESﬁT P(T,)=; (e )

P(E|T1)=W¢§?mwﬁmﬁﬁu§%ﬁﬁwﬁ:w:%

il ¥R, P(EIT,) = %,P(EIT3)= %,P(EIT4)=0,E}?JT% &1 dEA N A W W
< 7T Bl
3 IF-9I g
P(T |E) = SR BRI <X ¥ &TH W 31 R M 1 WAl
P(T,)P(EIT))
" P(T,)P(EIT,)+P(T,) P(EIT,) + P(T,) PEIT, )+ P (T, P (EIT,)

3><1
_ 10”4 _3, 1201
i><1+1><1+l><l+z><0 40 18 2
10 4 5 3 10 12 5

a1d: 1+ wifreman %%I

SETETOT 21 Th Al o aR H A € T o8 4 § ¥ 3 9N GcF dieidl 21 o T I8
F IBTI & SR FqA ¢ Toh 3T T T ol G 6 ¢l T9 1 TIiehal 1d it
5 99 W M STl gen ard | 6 2
7o O ofife f E, ‘=afad g1 I i 39T i I8 od i foh $9 W A el
T 6 3’ H1 A Bl HH WA & S, U W HeA 6 A FH WA X S, U W
@& 6 TET S HI A 21 qd

P(S,) =& 6 3T 1 = 1 ifehell =

N =

Rationalised 2023-24



440 wfora

P(S,) = |& 6 &l A 1 S H1 Wifehell =

P(EIS,) = = 51 9 oM W f&F W fF Hem 6 o € Sk 79 W S et
e A | 6 ®, 1 iided

AN | W

— 2 g7 e ATt % =

P(EIS,) = =fod B0 98 oM W fh T8 T T 6 3T € elfth I8 W T ATl
T arsd | 6 TE §, i wirehd

— 2 g e T AT 7 W =12
39 - G
P(S |E) = =Afed R I8 A i a1 foF Tl 6 Yhe gE ¥, 96 9w ¥ Hew 6 ¢
1.3
~ P(S)P(EIS)) __6ta 1 243
" P(S)P(EIS)+P(S,PES,) 1.3 5 1 8 8 38
64" 6

eﬂ?r:eﬂﬂﬂizmﬁqwgél

T ARfEw WX G o Bl ¢ e wiq fRet agfese w1 wiaeyl wmfe
Bl B
IR0 o foTu, 3720 U ek 1§ IR A | 3976 S o T | fo=r Hifsu)
T THE T Tiaesl GEite B:
S = {HH, HT, TH, TT}
Ifg X, O Terdi 1 W& i o5 el ® dl X Uoh A1gfeseh =) 2 3 qeish qoms
% fou THe 99 = 9oR 9 e T R
X (HH) =2, X (HT) = 1, X (TH) = 1, X (TT) = 0.
T &l Hieel wEie W U 9 A Fgfese =X aRwiie fhu S wehd 81 39
% fou 9= o foe Y, gfaeyt wufe S o g aftom & fou fodil &t 5 9 vl &t
T o S I oHE Il ¢ a4
Y (HH)=2,Y (HT)=0,Y (TH) =0, Y (TT) = - 2.
Id: T Hiey gafe S # X IR Y ¥ f9=1 agfess =) uftwfua fee g €)
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[ wvamaett 13.3 ]

. T HO W 5 o AR 5wl T | AGTSA T WS ehTel Sl €, 3Hept 1
Al FH ok % A FHerw § W@ S )G PR T Y 2 st i1
Fel § W@ € S ® e wherwt § ¥ Tk g Pt St 21 gEd 1S 6y o
T 1 WTdehar & €2

. TH 9 H 4 oAl 3R 4 el Te T SR TH 3T Ol § 2 o 3N 6 wreft 18
1T Sl § W T R AgesA I W @ R SHE U e bl S @ S
o el 81 3@ o1 1 A TRl 2 6 1T 98d 9 9 Fepe T 82

. I 9 ¢ TR T Hererner™ % s § § 60% S 5 W © SR 40% SEE
¥ 7 T €1 qdord o % qitom gfed #3d € fF sEeE ¥ W e e o
Y 30% 3R BEEM H 7 @A ol 36 H 9 20% BE1 3 A-Ue fomn e % a1
o HeTearer & T B 1 Agesdl I T AR g8 9 T s6 A-Us e
21 39 91 H] F YIAH 2 6 9% B SEer ¥ @ Al B2

. T agfashedt U3 1 ST <4 # U faanefl @ @ v o Sw W € O e
Wm%mﬁﬁmwaﬂﬁﬁmﬁw%%aﬁimwﬁﬁ

mﬁwi%mﬁﬁm&m&wwmwﬁmaﬁwﬁaﬁ

iR i 2 @ TH 91 HT A TR & 1 HIS B YT T IW S § A
IE T ¢ foF SE WE SR femn B2

. e faviy O o @@ FIeE & fou @ 1 SiE 99% STERER ©, 59 ardd §
M 9 U 9 7 B 81 R 0.5% SR FRE et safa 6t T S i W
e ot Raie < @ A safem b1 A @ U Sdqenan €1 9 fre e
H 0.1% @ 38 W1 Y U T @ 0 AR © R Agesa g T st
39 W 9 T B IS Ik T hi |9 T I Fdqrdl S @ 6 39 9% 0 87

. i faerh R e ) ok ek o ST SR fod € 1 guw e sifvra 7 o
fad 75% 9 Yehe BT © SR 90 efvd faenr 1 dF § 9@ T faees @l
el A1 T AR Y ITeAl T 71 AR s W fod wehe @1, o @ wifehan
2 o o® 1 faa een faeen 22

. T o9 SO 2000 THET TR, 4000 HR weTh AR 6000 Toh TRl HT AT
Tl g1 gHTS ®1 Wk ®wEeT: 0.01, 0.03 3R 0.15 B srHeha At
(Sreteht) H | U TN B S €1 39 A o Tl Ak B i WAkl
1 7?2
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10.

11.

12.

13.

14.

Tfora

. T HRE@M HA MR B & 99 orft &1 qd foemor @ qar = @ & Ft Seared

1 60% A A 3R 40% Wi B R fehan e 21 g@eh anfafiem wefi A1 2%
3R T B T 1% SR B 21 A Fol ScA<A hT Tk & 1 foran e @
3R SH e W A Fehrell TE o @ €, ql 39 o%] o ‘" A’ g oA
B 1 Wifaehar = ghi?

. T A T W % Feee ded | wH U 1 gfeeret | €) vee 9en g <o

o Sia w1 WIFhdId ST 0.6 A1 0.4 B SEeh Sifafie 9f< Tee <o Sidl
% d U 7T SR o YRR B ki WifdeRdr 0.7 € R A SE e Saar €
TH 1A 1 G WIeRaT 0.3 &1 ST Wfshdl 1d shiferg foh a1 Scred TR 5
S gy TR T e

M AT TR i eTgeh! T Ure Solerdl B1 I1€ 39 5 1 6 1 & 9 el
2 9% TF faeer #I 9 aR SO § IR fed’ 1 gen de s gl A
IU 1,2,3 TN 4 F G YW Bl @ dl 98 T THeeh i Tk 9% ool § 3R
TE e Hdl € T 59 W fea’ = fue’ wiw ga At 59 Sk Uk fud Wi g
2, dl SHeh §N SO MY U™ W 1, 2, 3 A 4 UK B 1 Wihar 1 €2
Teh eI il oF e A, B e C HeiA St 1 W et A 1% &E
Gl SeIed ShYdr & qe ST B 3R C HH: 5% 3R 7% @ Wl Seaifed
T Bl HE W AHA THT T 50% ME €, B ped THI BT 30% A C e
T T 20% TFIE1 &1 97 Teh ©e |l Safed @ df 36 A g Scaifed fohT
I FT WA @ 8

52Tl i TEE! W Uk oW1 @i Sl €1 99 w9 QI kel 9 € S g2 e
AR 1 e e -l - 0 e P e |

ASRI TcA dieH 1 Hifehd é%wf&wmw%HWAm%ﬁ
foa wsfefa gem ardfas &9 & foaq gwe eF &1 wfasha 2:
(A) 2 (B) L © L (D) 2
5 2 5 5
Ifg A 3R B Ut weAd & foF A B e P(B)#0 A =1 § ¥ &A1 3% 2:

P(B)
=—— B) P(AIB) < P(A
(A) P(AIB) P(A) (B) P(AIB) < P(A)

(C) P(AIB) > P(A) (D) 379 | &I &l
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ferferer 3qrgvor
Saretor 22 =R fesal § wiiq W e groft & gwi TU e 9@ erafeq w1 W ©:
e ke
Eol) e wE | Sten
I 3 4 5 6
1 2 2 2 2
111 1 2 3 1
v | 4 3 1 5

o T i AgEsA I T SR R SHE 9 U % el w1 A 1 w1 1 e
T @ sEE! F WhEwa € fF R w1 fesn- E frebren T 22
&1 W WS A E,, E, E, 3% E, f7 7R § wftnfom e €
A TF el 1 1 Feper E, : fesa-1 =1 T
E, : fesst-II =1 5@ E, : fesar-111 1 <=
E, : fesa-1v &1 <
it Tessl o1 Tg=sa =1 T B,
1
e P(E)) =P(E,) = P(E,) =P(E,) =4
3 2 4
A PAE) = 2. P(AE) = 2. P(AE) = aﬁ?P(AlE4)=B
P(%W—Illmw,m%aﬁ%ﬁw%ﬁmf»ﬁné%)
=P(E|JA) 99-799 ¥

P(E,).P(AE,)
P(E,)P(AIE,)+P(E,) P(AIE,) +P(E;) P(AIE,)+P(E,) P(AIE, )

P(E,JA) =
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IETETOT 23 A 3R B aR-a1) 4 T U9 &1 IVTed & 5d doh o 379 9 F1E T I8
R B: I F @A hl Sd T2l il I A T Sl IE HY Al IToh S bl HEwT:
ifehal Ad Shifsal

Tol 9 ST S ol (8 W 6 Yhe A1) 1 3R F % (I8 W 6 Yhe 7
BFT) &1 FH FW B

1 5
o7 P(S)=—, P(F)==
(S) 5 (F) 5

P(A & Teeit S | S :P(S):é
AH T IDA HT TR 79 a1 € 99 A Teelt 391 | 3R B & 5o
T SHEe B g1 Eiay

2
P(A &1 T 381 § Sfiaen) = P(FES) = P(F)P(F)P(S):%x%x% =(%) x%

. . . s\'(1
T YR P(A &1 draei 391 o qlddl):P(bhkhSF(g) (g)

IR T YHR ST P(A S = é+[%)2 G) + (%)4 (%) +..

1
6 6

T1-25 T 1
36

6 5
P(B SfiaHT) = 1 — P(A Sfian) = TRt

< . a
fewuit I a+ar+ar+...+ar' + ..., &l rl< 1,d9 39 3 00 T I ——-

1-r
(RfET Fem X1+ SIS H1 A.1.3)

SETET01 24 AR T wiA wgfed @ 9 wenfyd w1 Wi © A T8 90% e a5y
Scuifed et 71 A% 7@ wgfad €0 @ wenfud 7 w1 ol @ A 98 ’E 409% e
a5 Al €1 qd e e <9t ® fF wei e 80% wgfua ©1 afg wwk fafvea
T o 9% TYA 2 Tl o Seafad wdt § df T wt ggfad < 9 Tenfud e
1 YIfEeRdl F1d SifSTU)
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T HA AT AT T € et weie S Wi asgati s Scaed S 2

w1 € A AT B, WEl i JUnelt w1 Ee 1 R e € SR B, e e yomed
FT H i TR F

SE P(B,) = 0.8, P(B)) = 0.2
P(AIB,) = 0.9 x 0.9 3R P(AIB) = 0.4 x 0.4

P(B)P(AB)
P(B,)P(AB,)+P(B,) P(A]B,)

zgfa P(B|A) =

B 0.8%0.9x0.9 _648 o
T 0.8%x0.9x09+02x04x04 680

T 13 GT ATIRA fafaer wvaracit

1. A3RB3E ¥R S € T P (A) # 0. P(BIA) Td hiferg =g
(i) A, 99==4 B 1 STEH=IT © (i) ANB=0
2. UH U ok Q) a=d
(i) S el o TIgeRT BIM 1 WITehdl T hITST a7 I8 J1d © T S sreall
¥ %0 Y F9 TH a=01 aSH 2
(ii) S el o TTesh! B 1 Wil A HITSC A 78 916 @ fF a1 s
ATH 2
3. Ul HIT R 59% Teut 3R 0.25% Afecnsii o Tel T &1 T qie orell orel
feRt oh1 ATgToseh A1 41 €| 30 (Rt oh J%Y € w1 Aidehal &1 €2 I8 HH
o for qeul SR Afgernsti # gen gue 2l
4. HH ST R 90% < <ifed 19 W 10 FE ol Bl SHhT WieRd 1 © fF 10
A A ¥ s g9 T At W e 6 @ e w1 W H I A &2
5. A% Tk oty o R AgewAn I T B A SUh! A Wifaehar @ fo 9 od # 53
TITaR B2
6. M ST gAR G A, B, C 31X D oo & e Tl §TeRer &1 o], e 317
Tl ThHTEA! 1 Toeror Fet alich o ® Ag=sdl Tk afed g1 Wl € qe 369
Teh TSl TehTell Sl 81 A Tl ol € Al 39 i A; S B, & C W
ferTel SR 1 1 TR 872
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S | EHO i EehiSAl Rl T
s e HTET
A 1 6 3
B 6 2 2
C 8 1 1
D 0 6 4

7. AM SAfe fmedt Tl R R 1 < T B GAR 40% 71 F@ T forn S ?

f e s =i fafy fiet 1 < e % @WR F 30% FH F @ E AR
TR @R T 25% ¥ A <1 G 21 foreh off 9 Ot =9 <41 A 9 fordt T
foeheq o1 == il €1 I8 o T € for swie fashedt @ ferddt W w1 A
FT o1l A W Az g T W Ka & <R Y ufed @ S 2 AW gr
e SR A fafy 1 I9ER R ST s wifeRdr d i)

IR 2 Fife o Tk ARIUTH o6 AN 3TEFd I 91 Th & df FRI0T 1 EHE
oM R S R WiHeRdl 71 (T ST &1 IrfrR o goieh sTaud Wdd €9 9

gﬁmm%wmﬁgﬁmﬁm%%n

. T TR THAel % 4 WeR @ A IR B B gded! e g fre

et 31d 2

P(A o 3T9%A M &) =0.2
P(B & 3Tohal 31w BH i) =0.15
P(A 3R B& 3E®wd 8H 1) = 0.15

ql, fr=1 wifrerard s shifsTa;

(i) P(A 3TE%/B 3% &1 Th! &)
(i) P(ASF 3fohel TTHA B i )

10. 9 | § 3 G a1 4 el 2 © a1 O [[H 4 o 3R 5 el 18 81 T

e w1 Sl 1 9 Sl 2 T TAHaRd R S @ SI) d9 T e e 2 9§ e
St 21 Freprelt T2 TE ofret W1 ST B TR e 1 el 81 1 Wiiehdr 9
EAIS1l

Frafafad 9ol § 98 IW & A Hifea:

11.

I A R B S Tt weAW ® fF P(A) 20 3R P(B/A)=1,dd
(A) ACB (B) BCA (C) B=¢ (D) A=0
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12. I P(A/B) > P(A), dd /=1 & 9 &1 & 2
(A) P(BIA) < P(B) (B) P(A N B) < P(A) . P(B)
(C) P(BIA) > P(B) (D) P(BIA) = P(B)

13. af% A 3R B Ut 9 s ® R
P(A) + P(B) — P(A 3R B) = P(A), 7@

(A) PBIA) = 1 (B) P(AIB) = 1
(C) P(BIA) = 0 (D) P(AIB) =0
qrIST

M A & g fag F= bR @ @
¢ SE % Ofae Wibehd S 6 gl P T ©, 7 vl 9 T S ©

P(ENF)
P(EIF) =
(EIF) pE PE#0
¢ 0<PEF<I, P(E1F)=1-P (EIF)

P (E U FIG) = P (EIG) + P (FIG) - P (E N FIG)
¢ P(ENF) =P (E)P (FE),P(E) %0
AP (ENF) =P (F) (EIF),PF) =0
¢ 9 E $RF @ HeAd €
P(ENF) =P (E)P (F)
R P (EIF) = P (E), P (F) #0
P (FIE) = P (F), P(E) # 0
¢ ol TRl T TEA:
9 o (E,, E,, ..E ) Ufaeel Tl S %1 Tk faus € @R E,E, ..E, ¥

Tk 1 Wikl IR B W € A wfieel gafie @ gafud weh s B,
P(A) = P(E)) P (AIE)) + P (E,) P (AIE) + ... + P (E,) P(AIE )

¢ I5F-YRE: AR E L E,, ...E, Ufaeel gufte S o fasrse o fmio s 8 s1eiq

E,E, .. E W 9gH & 3 EUE,U..UE =S 3R ATH TR
Tiehel 1 = ® T

P(E,)P(AIE,)

P(E,|A)=—
P(E;)P(AE))

J=1
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et A

Th T T SR Wl W WIhl (STEER) o WY i Ueell WeY <fd o <ol WEHH
W Teh = | e 81 S (1501-1576) 3 9T % @el W T foega
ey frEeRt M ' foaar < T[e! stateht’ for@n o St 3ok Jrawid 1663 § Jehtiemd
T3T o1l 39 ey H 35 q1 Ul ol IVTOH W IAH HAl o STIehel TROTH &
TE o SR H waEn @1 WAt (1564-1642) 3 @ U % TH @A H G
o W19 o Hee W AR fewuit 1 €1 Afafest 3 faveron fhan on f st =
TG o IBTEA ST € Al ehe WEAISA ok AN T 10 B AN 9 W Afeeh G
% e I 1 <9 € o el URUTHT 1 G I 9 o IFeRel TROTH
T g Ay 2

30 YRR AEH o A I8 |E: J S € TR wifreRar o fome
T THITOTR ST Geel sl o S He Toras 9ehat (1623-1662) 3R disR
T HA (1601-1665) o AL §U U5 GER 9 31 €1 Teh HIFTE I siaferr
2 W A Ygifaes e 3R U § hHa Yerml # Sfafémie s = o faw giehd
T U1l W Y9 % BA o (T 1654 o <A diehel IR waf o <t gu o
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